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Abstract
CO2 Storage (CS) in deep saline aquifers is a means of reducing atmospheric emissions
of CO2 to mitigate anthropogenic climate change. Injecting large amounts of CO2 is
proposed over a relatively short period of time. CO2 injectivity depends on number of
parameters including the salt dry-out due to vaporization of the native brine by injected
CO2. In the first part of this dissertation, salt dry-out during CO2 injection is studied. Salt
dry-out can plug the reservoir and reduce CO2 injectivity. An analytical solution to
evaluate the amount of salt precipitation and the region over which it occurs is developed.
A time-dependent skin factor is introduced to assess the effect of salt dry-out on the
permeability. The analytical model is used to study the sensitivity of precipitated salt
saturation and CO2 plume extension to different reservoir parameters including: aquifer
pressure, temperature, salinity, relative permeability functions, and volume change upon
mixing.
One of the essential concerns in geologic storage of CO2 in deep saline aquifers is the risk
of CO2 leakage. The sealing capacity of the cap-rock overlying the storage aquifer must
therefore be evaluated, so characterization of the cap-rock is required even before starting
the storage operations. Aqueous fluids can be injected in the target storage aquifer and
the pressure change due to leakage can be monitored in an upper aquifer separated by a
cap-rock. The main focus of this dissertation is on leakage characterization through
pressure monitoring. Two new analytical forward solutions are derived which relate leak
properties to pressure change at the monitoring aquifer. Using the analytical solutions
significantly reduces the computational cost of solving leakage inverse problem, assist
with decomposing the effect of different leakage parameters on pressure, and improve
understanding the leakage dynamics. Obtaining the location and the transmissibility of
the leak based on the pressure measurement is investigated. Uniqueness and stability of
the solution is analyzed based on the inversion analysis techniques. Leak parameters are
estimated over a wide confidence interval in response to pressure measurement error. A
graphical method to obtain the leak parameters through analysis of pressure derivative is
presented. The graphical method findings are used in a two-step manner to estimate the
leak parameters with higher confidence. Design considerations to maximize the
iii

capability of leakage characterization are presented including pressure sampling
frequency, pulsing, and multiple injectors/monitors. Placement of the monitoring well is
investigated to ensure acquiring sufficient information for closely estimating the leak
location and transmissibility.
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Chapter One: INTRODUCTION
1.1 Background
Carbon dioxide (CO2) is a greenhouse gas and the rise in its atmospheric concentrations
leads to rising the mean atmospheric temperature that is known as global warming.
Studies by IPCC (International Panel for Climate change) report that the global
temperature is increasing and suggest that the main driver for the climate change is likely
related to anthropogenic emissions of Greenhouse Gas (GHG) emissions. In the forth
IPCC assessment report (2007) it has been concluded that average surface temperatures
had increased by 0.74±0.16 C over the 20th century and that “most of the observed
increase in global average temperatures since the mid-20th century is very likely (>90%
probability) due to the observed increase in anthropogenic GHG concentrations.” Global
warming may lead to dramatic environmental consequences such as rising sea levels, loss
of fragile ecosystem, increased intensity of meteorological phenomena, and increased
flooding and droughts (IPCC CCS, 2005). Carbon dioxide (CO2) is the primary
anthropogenic GHG accounting for 77% of the human contribution to the greenhouse
effect (World Resources Institute, 2005). Limiting the atmospheric CO2 concentration to
a target of 500 ± 50 parts per million (ppm) is proposed to mitigate the effects of global
warming (Pascala and Socolow, 2004). Current atmospheric CO2 concentration is 390
ppm. Stabilization at 500 ppm requires that emissions be held near 7 billion tons carbon
per year (GtC/year) for the next 50 years, even though the current trend will lead to
emissions of approximately 16 GtC/yr in 2060 (Pascala and Socolow, 2004). As a result,
the avoided carbon emissions required for stabilization would be about 200 GtC by 2060.

The options to cut CO2 emissions that can be implemented at the necessary scale using
current technology include: 1) increasing energy efficiency or reducing energy
consumptions, 2) use of less carbon intensive fuels, 3) use of renewable energy sources
and/or nuclear energy, 4) enhancement of natural sinks, and 5) capture the carbon and
dispose in engineered sinks. CO2 Capture and Storage (CCS) is a technology to cut CO2
emissions while allow continued use of fossil fuels. While CCS is viewed as one
potentially viable option, critics warn that it should not be seen as a sole method or
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"silver bullet" to reducing emissions (Union of concerned scientists, 2001). However, no
single technology can provide the emissions reductions at a massive scale required within
the next 50 years. Pascala and Socolw (2004) argue that the necessary reductions in CO2
emissions can be achieved through a portfolio of options including CCS.

1.2 CO2 Geological Storage
CCS as an option to mitigate the climate change was first proposed by Marchetti (1977).
CCS involves the separation of CO2 from industrial and energy-related sources and
transportation to a suitable storage site where most of it will be isolated from atmosphere
permanently (IPCC CCS, 2005). With respect to capture, the main focus is directed to
point source emitters including combustion of fossil fuels for power generation, as well
as industrial activities such as cement and steel manufacturing. Close to 60% of the
global fossil fuel CO2 emissions is from such large stationary emission sources
(Meadowcroft and Langhelle, 2009). In Canada, upgrading and refining of oil sands
products leads to significant CO2 emissions that have the potential for capture (Bergerson
and Keith, 2011). Various options for storage of captured CO2 include geological storage,
ocean storage, and mineral carbonation. Due to environmental implications of ocean
storage and intense energy requirement of mineral carbonation, the main focus is
currently on geological storage (Jolley, 2006).

The main options for geological storage of captured CO2 as shown in figure 1.1 include:
1) depleted or declining oil and gas reservoirs, 2) deep saline aquifers, and 3) unmineable
coal seams for coal bed methane recovery. Each of these options should be evaluated
based on its suitability for CO2 storage. The potential site should provide sufficient pore
volume to store the significant amounts of CO2 to be captured to mitigate the climate
change. The global capacity for hydrocarbon reservoirs, deep saline aquifers, and coal
beds is estimated to be 675-900 GtCO2, 1000-10,000 GtCO2, 15-200 GtCO2 respectively
(IPCC CCS, 2005). Suitable site should also be able to retain the injected CO2 for a long
period of time. IPCC special report on CCS anticipates that 99% or more of the injected
CO2 will be retained for 1000 years if the injection site is carefully selected. In
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exceptional cases the geological settings may be suitable for formation of CO2 hydrates
which allows trapping of CO2 in solid form (Zatsepina and Pooladi-Darvish, 2010; Cote
and Wright, 2010). In general, the injected CO2 is buoyant and lighter than the native
formation fluids. As such, the target formation must be separated from upper media
through a sealing structural trap (cap-rock) to prevent CO2 leakage to upper formations
and/or surface. Also, the target formation should be sufficiently permeable to allow
injection of CO2 at high rates required. CO2 injection causes pressure build-up at the
storage formation. If the rock permeability is very low, the pressure can quickly reach the
fracturing pressure. Many wells will be required to inject the CO2 at a high enough rate
which limits economic efficiency of CO2 storage (Kaldi and Bachu, 2009).

Figure 1.1. Options for CO2 storage in deep underground geological formations
(obtained from IPCC CCS, 2005)
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1.3 Storage in saline aquifers
As mentioned above the storage capacity of the saline aquifers is considerably larger than
other geological storage options. Vast majority of deeply buried sedimentary rocks do not
contain hydrocarbon but are saturated with brine. Saline aquifers are also more
widespread and therefore more accessible to capture sites, reducing or eliminating the
transportation costs. Significant storage capacity and easy sink-source matching make
saline aquifers very promising for large-scale geological storage. However, there is no
evidence that a saline aquifer is overlain by impermeable cap-rock capable of retaining
the injected CO2 over long time period. This thesis focuses on questions associated with
CO2 storage in saline aquifers.
In order to minimize short-term storage volume and avoid adverse effect of CO2
separation into liquid and gas phases in injection line, geologic disposal of CO2 would be
made at supercritical pressures (Pruess and Garcia, 2002; Bachu and Adams, 2003). The
critical point pressure and temperature of CO2 are 73.82 bar and 31.04 C respectively.
Thus, minimum aquifer depths of approximately 800 m would be required to sustain a
supercritical fluid (Holloway and Savage, 1993). Density of supercritical CO2 is lower
than that of brine under the pressure and temperature conditions common in the
continental subsurface. As such, the injected CO 2 rises to the top of the aquifer. Four
main trapping mechanisms contribute to reducing or eliminating the mobility of injected
CO2:
1. Structural trapping: Once injected, the buoyant supercritical CO2 will rise to the top of
the reservoir. Therefore, it meets and is trapped by an impermeable cap-rock overlying
the storage aquifer.

2. Residual trapping: The injected supercritical CO2 displaces the brine as it moves
through the aquifer. As the CO2 continues to flow, brine again replaces it reducing its
saturation. When the saturation of CO2 rich phase falls below certain saturation it
becomes disconnected –or residual– and immobile. As a result the CO2 will be trapped
that can be dissolved into the formation brine over time.
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3. Solubility trapping: The solubility of CO2 in water increases with increasing pressure,
decreasing temperature and decreasing water salinity. As CO2 dissolves in water, the
water becomes denser causing natural convection that increases the dissolution of CO2 in
brine (Hassanzadeh et al., 2005). The timing and amount of trapped CO2 due to
convective mixing is very reservoir-dependent.

4. Mineral trapping: CO2 can be trapped in solid form when the dissolved CO2 reacts with
the reservoir rock causing the carbonate minerals to form and precipitate. The time scale
for this trapping mechanism can be thousands of years although there are some reactions
in the early years of storage (Gunter et al., 1997). The potential for mineral trapping
depends on the composition of the brine and reservoir rock, the temperature and pressure,
the brine/rock contact area and the rate of fluid flow through the rock.

1.4 Containment
While the mobility of the injected CO2 will be reduced via different trapping
mechanisms, it is expected that a portion of the injected CO2 will stay mobile and
buoyant in the subsurface for several hundreds or even thousands of years (Hesse, 2008).
Therefore, the security of the storage will depend primarily on the sealing capacity of the
cap-rock overlying the target aquifer. Conserving the hydrocarbons for millions of years
confirms the integrity of the cap-rock overlying a hydrocarbon reservoir. However, for
saline aquifers such observation is missing. The cap-rock may not be fully impermeable
or may contain leakage pathways that allow leakage and migration of CO2 to upper
formations and to the surface. Leakage of CO2 to the subsurface formations may affect
production of subsurface minerals and pollute fresh water aquifers (IPCC, 2007). If the
leakage pathway is in the vicinity of currently producing oil and gas wells, CO2 can
breakthrough and adversely affect hydrocarbon production. CO2 leakage into shallow
aquifers may cause dissolution (and allow mobilization) of harmful solids in the water
(Little and Jackson, 2010 and references therein). Leakage of brine caused by pressure
build-up due to CO2 injection can affect the groundwater resources. CO2 can also reach
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the surface affecting the humans and living habitats, and rising back the atmospheric
carbon concentrations.
Leakage through cap-rock can occur in diffusive and/or focused manner. A semi-pervious
cap-rock allows diffusive leakage of brine and CO2 (if the capillary entry pressure is
exceeded). Natural openings in the cap-rock such as stratigraphic changes in seal quality,
fractures, and faults and man-made pathways such as improperly abandoned wells can
cause focused leakage at the location of the leak.
The target aquifer is usually overlain by several thick impervious or semi-pervious layers
such as shale or clay which are stratified by permeable formations. The pressure has to
exceed the capillary entry pressure to enable upward migration of CO2 through the semipervious zone. Due to these conditions the diffusive CO2 leakage through a lowpermeability cap-rock may be unlikely to lead to significant leakage fluxes. However,
the pressure rise caused by CO2 injection dissipates much faster than the CO2
concentrations. The pressure rise even out of the CO2 plume boundary can cause
diffusive leakage of brine to shallow groundwater aquifers. Brine migration from the
storage aquifers may lead to increasing the rate of discharge into a lake or stream, or
mixing into drinking water aquifers (Bergman and Winter, 1995; Birkholzer et al., 2009).
Brine migration is also important due to its implications on the pressure rise in the
storage aquifer (Zhou et al., 2008).
Focused leakage occurs through local pathways present in the cap-rock. Potential focused
leakage pathways include: a) transmissive faults and fractures, b) abandoned wells
(penetrating entire seal or part of it), c) active wells that partially penetrate the seal, and
d) local seal weaknesses. An example of a local weakness in the cap-rock would be a
channel dug through the shale by gravitationally unstable deposits. This leaves coarsegrained, highly permeable channels and lobes in the cap-rock through which injected CO2
can leak to shallower formations (Grimstad et al., 2009). If the CO2 plume is intercepted
by such pathways the CO2 can instantly migrate upward depending on the continuity of
the leakage pathway. The leakage potential of such pathways and their location is
required prior to CO2 injection.
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Leakage can occur through and along wellbores which penetrate or are near the storage
formation. Wells have the potential to transmit the CO2 over long distances to the surface.
In sedimentary basins with history of oil and gas exploration, the areal density of wells
can be very large. For example in the Alberta basin the well density can be greater than
10 wells/km2 while the average is 0.14/km2 (Gasda, 2008). In the United States, many old
wells are reported to be improperly abandoned, the location of which may not be
precisely known (Aller, 1984; Gass et al., 1977). When penetrating the storage aquifer,
such wells are identified as major threat to security of CO2 storage. To evaluate and
mitigate any leakage Monitoring, Mitigation, and Validation (MMV) program is
suggested.

1.5 Monitoring, Mitigation, and Validation (MMV)
Monitoring the CO2 storage can be performed at different phases of the project namely:
pre-operational, operational, and post-operational. The goal of the monitoring activity
changes for different phases. For the operational and post-operational phases the main
goal is to track the CO2 plume and its migration. The monitoring data can be used to
assess the storage performance and its environmental impacts. Pre-operational monitoring
of CO2 storage projects would help to establish base-line conditions to assess the storage
impacts and efficiency. At this phase the operator will likely be required to demonstrate
the containment of the target saline aquifer. Techniques to characterize the cap-rock will
be necessary. Geological analysis, drilling data (e.g. penetration rate and cuttings), cores
from the cap-rock section, and regional pressure data may help to assess overall integrity
of the cap-rock. While diffusive leakage through semi-pervious cap-rock is possible, it is
expected that leakage through natural and man-made openings contribute the most to
migration of the CO2 from the storage aquifer. Techniques to characterize local leakage
events will be required. The operator may decide to remediate the leakage pathways or
inject elsewhere.
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1.6 Injectivity
High injectivity is essential for economic storage of CO2 at large-scale. Economic
consideration will likely drive the operators to inject at maximum possible rate through
minimum number of wells. The injectivity of CO2 through a vertical well depends on
number of factors including: product of reservoir thickness and permeability (k.h),
relative mobility of CO2 and the aqueous phases, interference with other injectors,
stimulations or damage, stress dependency of the permeability, geochemical and
petrophysical characteristics and salt dry-out (Pooladi-Darvish et al., 2010; Ghaderi et al.,
2008; Burton, 2008; Bacci et al., 2010). The mechanisms through which these factors
affect the injectivity are complex and still debated.
The salt precipitation during gas injection in porous media is a well-known process at the
laboratory and the field scales (Kleinitz et al., 2001). When dry CO2 is injected in the
saline aquifer, it removes the water either by advection or by vaporizing the water content
of the brine followed by advection. As a result, a dry-out region emerges around the
wellbore. When the brine transport is slower than the CO2 flow, the brine will be fully
vaporized and its salt content precipitates. The precipitated salt reduces the porosity and
impairs the permeability which can lead to loss of well injectivity.

1.7 Motivations and objectives
One of the essential concerns in geologic storage of CO2 in deep saline aquifers is the risk
of CO2 leakage. Thus, characterization of the cap-rock is required even before starting the
storage operations. Local pathways in the cap-rock are identified as main conduits for
leakage of CO2. A set of subsurface monitoring tools are available that can provide
information on the local leakage pathways (US DOE/NETL, 2009; Benson, 2006).
However most of these techniques are sensitive to fluid changes and are suitable for
monitoring during operational and post-operational phases. Multi-component 3D seismic
time-lapse survey, Vertical Seismic Profile (VSP), Electromagnetic Resistivity (EM), and
time-lapse gravity are examples of such methods. These methods may provide
information on the leak after it occurs. Tests involve tracers and pressure monitoring can
be used for pre-operational phase evaluation. Tracers can provide essential information
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about flow path of the injected fluid. However, tracers may have complex reactions with
host aquifer brine and rock requiring sophisticated approach to produce a correct
interpretation. Pressure monitoring, in particular in the above zone where the pressure
would only be disturbed by the leakage, can quickly provide useful information on the
leakage pathways. The pressure test can be designed carefully to ensure acquiring
sufficient information on the leakage pathways.

One objective of this study is to provide a tool to characterize leakage pathways through
pressure monitoring prior to start of injection operations. We introduce a pressure
monitoring test and present an interpretation methodology to detect and characterize the
leakage pathway based on the pressure data. Aqueous fluids are injected in the target
storage aquifer and the pressure change due to leakage is monitored in an upper aquifer
separated by a cap-rock for a short period of time. The pressure change at the monitoring
aquifer can be utilized to detect and characterize any leakage pathway in the cap-rock.
The methodology can be modified to find the leakage pathways during CO2 injection.

While the main theme of this thesis is leakage characterization, salt dry-out is examined
as one aspect of injectivity problem. Evaluation of the amount of salt dry-out during CO2
injection in saline aquifers is important to assess its effect on aquifer permeability and
CO2 injectivity. As the first part of this thesis, an analytical solution to evaluate salt
precipitation during CO2 injection is developed and utilized to investigate dry-out effects
on injectivity.

1.8 Components and outline of this study
This is a paper-based thesis with each chapter prepared in a journal paper format.
Chapters are written so that they can be followed independently where each is comprised
of separate Introduction, Materials and methods, Results and discussions, Conclusions,
References and Appendices. This thesis is comprised of two parts:
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1. In Chapters 2 and 3 salt dry-out during CO2 injection in saline aquifers is
investigated.
2. Chapters 4, 5, 6, and 7 describe the main contribution of this thesis on detection
and characterization of leakage pathways that intercept the cap-rock
overlying target storage aquifer.

1.8.1 Salt dry-out
Approximating the ternary system by a binary model and identifying the region over
which dry-out occurs, a closed-form analytical solution is developed in Chapter 2 to
evaluate the amount of salt precipitation. Reduction in porosity caused by salt dry-out is
translated into permeability change. Next, the resulting permeability impairment is
described in terms of a time-varying skin factor. The analytical solution enables easy and
quick estimate of the salt precipitation and a better understanding of the process that leads
to brine dry-out. Without such a model (or others similar to this) the salt precipitation can
only be evaluated numerically through complex 3-phase flow simulations. The analytical
model can also provide an estimation of the CO2 plume size and effect of different
parameters on CO2 extension. Extent of CO2 plume has implications for risk of CO2
leakage.
The analytical model is used to evaluate the sensitivity of CO2 plume size and amount of
salt precipitation to various aquifer parameters in Chapter 3. The reservoir parameters to
which the sensitivity is studied include: aquifer pressure, temperature, salinity, relative
permeability functions, and volume change upon mixing.

1.8.2 Leakage characterization
To investigate leakage characterization, a single-phase forward solution which relates the
leak properties to the pressure change at the monitoring aquifer is required. Such an
analytical model is developed in Chapter 4. Unlike previous analytical models on the
topic, we consider finite size leak to model the pressure response to leakage in all
modeling components. The analytical solution is obtained in the Laplace domain, making
it difficult to apply. Considering late-time approximation of the functions and using series
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expansion of the involved terms a real-time asymptotic solution is obtained. Next, the
effect of leak size versus leak transmissibility is studied to aid in parameterizing the
leakage inverse problem described in Chapter 5. Use of analytical model not only
improves understanding the leakage dynamics, but also it can significantly assist in
solving the leakage inverse problem. Using the analytical solutions information on the
leak can be obtained graphically. Also, studying the uniqueness and stability of such
inverse problem using numerical forward models (simulations) is difficult and
computationally expensive.
An introduction to inverse theory and optimization is given in Chapter 5. To solve the
leakage inverse problem, matching the pressure data through manipulation of the leakage
parameters is required. Use of optimization methods is necessary to find the best-fit
parameters. Various gradient-based deterministic optimization algorithms are discussed
including: steepest descent, full Newton-type, Gauss-Newton, Levenberg-Marquardt, and
conjugate gradients methods. Optimization using gradient-based methods can be trapped
in local minima. Use of global minimization techniques may be required to locate the
region over which the global minimum lies. As an example of global optimization
techniques, the genetic algorithm is presented. Next, a hybrid optimization technique is
presented which combines the stochastic and deterministic optimization approaches.
Solution of an inverse problem requires evaluation of the uniqueness and stability of the
solution. There may be more than one set of parameters that fit the data equally well
(non-uniqueness) and small error in the pressure data may lead to large variation in the
solution (instability). The inverse problem can be stabilized using regularization
techniques including: Truncated Singular Value Decomposition (TSVD) and Tikhonov
regularization. These regularization methods are introduced. As a measure of the stability
of the solution, a confidence interval over which the estimated parameters vary in
response to noise in the data is required. Monte-Carlo simulation and covariance-based
methods are presented to evaluate the confidence interval.
In Chapter 6 the leakage inverse problem is formulated in its simplest form where single
leak characteristics are required based on pressure data of single monitoring well. The
inverse problem is first parameterized and different optimization techniques are utilized
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to evaluate the best-fit parameters. Convexity of the mismatch and uniqueness of the
solution are examined. Solution stability is studied using the Jacobian and correlation
matrices. As a measure of stability the solution to the inverse problem is evaluated in
terms of a confidence interval for a base case problem.
Findings of Chapter 6 show that the solution to the inverse problem is non-unique and
unstable. More information is required to enable full characterization of the leak. Design
considerations to maximize the information acquired from pressure monitoring data are
suggested in Chapter 7. The strategies include increasing the sampling frequency, use of
pulsing, increasing the number of monitoring/injection wells and utilization of prior
information. Prior information on the leak is provided through analysis of the pressure
derivative data. The information provided by different strategies is evaluated based on the
information and correlation matrices. The effects are also shown in terms of confidence
limits. Finally, Chapter 8 presents conclusions of this dissertation and makes
recommendations for future work.
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Chapter Two: ANALYTICAL SOLUTION TO EVALUATE SALT
PRECIPITATION DURING CO2 INJECTION IN SALINE AQUIFERS1
Abstract
Carbon dioxide sequestration in deep saline aquifers is a means of reducing
anthropogenic atmospheric emissions of CO2. Among various mechanisms, CO2 can be
trapped in saline aquifers by dissolution in the formation water. Vaporization of water
occurs along with the dissolution of CO2. Vaporization can cause salt precipitation, which
reduces porosity and impairs permeability of the reservoir in the vicinity of the wellbore,
and can lead to reduction in injectivity. The amount of salt precipitation and the region in
which it occurs may be important in CO2 storage operations if salt precipitation
significantly reduces injectivity. Here we develop an analytical model, as a simple and
efficient tool to predict the amount of salt precipitation over time and space. This model
is particularly useful at high injection velocities, when viscous forces dominate.
First, we develop a model which treats the vaporization of water and dissolution of CO2
in radial geometry. Next, the model is used to predict salt precipitation. The combined
model is then extended to evaluate the effect of salt precipitation on permeability in terms
of a time-dependent skin factor. Finally, the analytical model is corroborated by
application to a specific problem with an available numerical solution, where a close
agreement between the solutions is observed. We use the results to examine the effect of
assumptions and approximations made in the development of the analytical solution. For
cases studied, salt saturation was a few percent. The loss in injectivity depends on the
degree of reduction of formation permeability with increased salt saturation.

For

permeability-reduction models considered in this work, the loss in injectivity was not
severe. However, one limitation of the model is that it neglects capillary and gravity
forces, and these forces might increase salt precipitation at the bottom of formation
particularly when injection rate is low.

1

This chapter is an exact copy of: Zeidouni, M., Pooladi-Darvish, M., Keith, D., 2009, Analytical solution
to evaluate salt precipitation during CO2 injection in saline aquifers, International Journal of Greenhouse
Gas Control, Volume 3, Issue 5, September 2009, Pages 600-611, ISSN 1750-5836, DOI:
10.1016/j.ijggc.2009.04.004.
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2.1 Introduction
As concern about the adverse consequences of anthropogenic climate change has grown,
so too has research into methods to reduce the emissions of greenhouse gases. Carbon
dioxide storage could enable the continued use of fossil fuels with reduced CO2
emissions. Storage in deep aquifers is among the most promising CO2 storage options.
The characteristics of a preferred storage site include: (i) high capacity to allow storage of
large volumes of CO2, (ii) high injectivity to allow injection at desired rates, and (iii)
containment to ensure limited leakage (if any). Injectivity is not only a function of static
reservoir properties (e.g., permeability and pay thickness), but also can change with time.
This paper studies salt precipitation in the vicinity of the injection well, as one of the
time-dependent phenomena that could affect injectivity. In particular, an analytical model
is developed to estimate the radius of the dry-out zone — where salt precipitation occurs
— and the fraction of the pore volume that will be occupied by salt. Our model is based
on an extension of that developed by Orr (2007) for linear two-component, two-phase
displacement. We apply this model to the problem of radial displacement of brine by
CO2. Although flow is not purely one-dimensional in actual field-scale, in the vicinity of
the wellbore — where salt precipitation occurs — viscous forces dominate gravitational
forces and flow may reasonably be approximated as one-dimensional.
In the following paragraphs, the physical problem is described. This is followed by
development of a mathematical model for radial CO2/brine binary displacement. Then,
salt precipitation is formulated for the region where vaporization occurs in the binary
system and is included in the model. Next, the effect of salt precipitation on permeability
is studied and presented in terms of a time-dependent skin factor. Lastly, the analytical
model is applied to a specific problem with an available numerical solution, enabling us
to evaluate the effect of assumptions and approximations made in the development of the
analytical solution.

2.2 Physical Problem
Consider 1-D CO2 injection in an infinitely large saline aquifer through a well in the
centre of the aquifer. The following is a possible phase arrangement: deep in the

18
reservoir, where brine has not been in contact with injected CO2, only fresh brine exists
(region 1 in Figure 2.1). In the region upstream of the fresh brine, the brine contains the
CO2 component. In this region, both aqueous and gaseous phases are mobile and in
equilibrium (region 2 in Figure 2.1). The gaseous phase saturation of this region is
increasing toward the injection well. Moving further upstream toward the injection well,
where the salinity level reaches that of halite-saturated brine, solid salt precipitation
begins. Thus a region of 3-phases (gaseous, aqueous, and solid) and 3-components
(water, CO2, and salt) develops (region 3 in Figure 2.1). In this region, the concentration
of components in each phase is independent of total concentrations. The gaseous phase
saturation increases toward the injection well while the aqueous phase saturation
decreases. At a certain point, the aqueous phase flows slowly enough that it can be fully
vaporized by the injected CO2. This allows a 2-phases (solid and gaseous) and 3components (water, CO2, and salt) region to develop (region 4 in Figure 2.1). Further
upstream toward the injection well, the fresh injected CO2 can transport the vaporised
water outward. This allows development of a 2-phases (solid and gaseous) and 2components (CO2 and salt) dry-out region (region 5 in Figure 2.1) (Fuller et al., 2006;
Prevost et al., 2004).

Figure 2.1. Schematic of Radial CO2/Brine Displacement and Arrangement of
Different Phases
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2.3 Analytical Model
Analytical modelling of the physical problem described above could consider a ternary
system with three-phases (aqueous, gaseous, and solid) and three-components (CO2,
water, and salt). The problem of three-phase compositional flow has been studied in
several publications (LaForce and Johns, 2005; LaForce et al., 2006). However, fully
three-phase solutions are not simple to construct. Fortunately, since the system studied in
this work is a limiting case of the more general ternary problem where one of the phases
is immobile (the solid salt), a simplified solution is achievable. The physical problem is
therefore approximated by a binary system with two-phases (aqueous and gaseous) and
two-components (CO2 and brine). In departure with the previous papers on the subject
(Noh et al., 2007; Burton et al., 2008), we account for volume change upon mixing. Then,
the amount of salt precipitation (solid phase saturation) is calculated separately based on
the amount of vaporization. We then check the validity of this approximation by
comparing the analytical results to the numerical ones for a specific case. The model
assumes homogeneity, no diffusion/dispersion, no capillary and/or gravity forces, nonreactive rock, local phase equilibrium, and constant pressure and temperature.
In the following, the analytical model for the binary system is presented. The solution
includes two shocks (discontinuities in saturation or concentration) that divide the
medium into three regions. Far from the injection well — ahead of a leading shock — a
fresh brine region exists that is being displaced by the injected CO2. Upstream of the
leading shock, a region of two-phase flow exists (an equilibrium region), in which an
aqueous phase (brine and dissolved CO2) and a gaseous phase (CO2 and vaporized water)
flow. A trailing evaporation shock separates the equilibrium region from the dry-out
region closest to the wellbore where salt has precipitated. In this solution, the region
arrangement reduces to that shown in Figure 2.2. The assumptions that lead to these three
regions are discussed later in this paper.
After analytical modelling of the binary system, the amount of salt that precipitates
behind the trailing shock is included in the model. In the case of CO2 storage in aquifers,
salts can also precipitate through chemical reactions; however, the rock is assumed to be
non-reactive in this study.
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Figure 2.2. Nomenclature and Arrangement of Phases for the Analytical Model
Presented in the Paper
2.3.1 Analytical Model for the Binary System
The solution presented in this section considers a binary system composed of two-phases
(aqueous and gaseous) and two-components (CO2 and brine). The components transfer
between the displacing injected gas and displaced aquifer brine. Therefore, the resulting
aqueous phase includes brine with some dissolved CO2. Similarly, the gaseous phase will
contain CO2 and vaporized brine. In reality, although the gaseous phase will contain CO2
and vaporized water, brine is used here instead, so that the flow problem is simplified to
include only two components. The assumption here is that salt and water act together.
With this assumption, the problem becomes similar to the gas/liquid displacement
problem solved by many including Orr (2007). To correct for this assumption, the
properties of water are assigned to brine in the gaseous phase. As mentioned earlier, once
the flow problem with two phases and two components is solved, salt precipitation is
added to the solution.
Appendix A gives the details of the solution. Starting with the continuity equation and
using the fractional flow concept, one can obtain the following first-order nonlinear
hyperbolic partial differential equation:
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GCO 2 qinj dH CO 2 GCO 2

0
t
h dGCO 2 r 2

(2.1)

where r and t are the radial coordinate and time, respectively. GCO2 is total molar density
(global concentration) of the CO2 component normalized with respect to the molar
density of injected fluid. H is total molar rate of CO2 component normalized with respect
to molar injection rate. A similar equation can also be written for the brine component.
Equation 2.1 is analogous to the Buckley-Leverett equation describing 1-D displacement
of one immiscible-phase by another (Equation 2.2) with a number of differences
(Buckley and Leverett, 1942):
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t
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The differences between Equations 2.1 and 2.2 include: (i) Equation 2.1 is developed for
a radial geometry, while Equation 2.2 is for a linear one (ii) Equation 2.1 accounts for
mass transfer and volume change upon mixing, while Equation 2.2 ignores both effects.
The latter difference leads to replacement of saturation (Sg) with normalized global
concentration (GCO2) and fractional flow function (fg) with normalized total molar rate
(HCO2). With the assumptions of no gravity nor capillary forces, the gaseous phase
fractional flow is obtained by:
fg 

1
k g
1  ra
k rg  a

(2.3)

where kra and krg are the relative permeability of aqueous and gaseous phases,
respectively, and depend only on gaseous phase saturation. a and g are the viscosity of
aqueous and gaseous phases, respectively. Aqueous phase fractional flow will be 1-fg.
The solution to Equation 2.2 is given by: (Buckley and Leverett, 1942):

qinj  df g
 x

  
 t  S g A  dS g




 Sg

(2.4)

As shown in Appendix A, the solution to Equation 2.1 is analogous to Equation 2.4 and
may be given by:
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(2.5)

where rw is the wellbore radius, qD=qt/qinj, and qt is the total local flow rate, defined as
the summation of aqueous and gaseous phase flow rates. In the solution given by
Equation 2.5, where mass transfer occurs between phases and there is volume change
upon mixing, qt is not equal to qinj, and varies between different regions. Equation 2.5
gives the wave velocity =(r2-rw2)/t of any specific GCO2. Therefore, each gaseous phase
saturation, Sg, travels at a constant velocity given by Equation 2.5, since there is a one-toone relationship between GCO2 and Sg (as shown in Appendix A by Equation A8.2). Note
that the problem has a similarity property and the solution is expressed in terms of
gaseous phase saturation or CO2 overall mole fraction versus the similarity variable
(wave velocity). The solution given by direct use of Equation 2.5 is physically impossible
because of multiple saturation values at a single location. Ignoring the capillary pressure
(and also the diffusion process) give rise to this multi-valued solution. We recall that this
problem also occurs when solving the conventional Buckley-Leverett equation (Equation
2.2). The inconsistency has been resolved by introducing a shock that connects the two
different regions of the solution. In the problem presented in this paper, three regions are
formed. As such, two shocks will be required to connect the regions: the trailing shock
and the leading shock. The trailing shock is the shock which connects the two-phase
gaseous/solid region to the two-phase gaseous/aqueous region. The shock that connects
the two-phase gaseous/aqueous region to the single-phase aqueous region is called the
leading shock, as it is always ahead of the trailing shock.
In locating the shocks, we use the following as boundary and initial conditions:
Sg=0

at t=0, r>0

(2.6.1)

Sg=1

at t>0, r=rw

(2.6.2)

2.3.2 Solution and Its Graphical Representation
The solution of the problem is obtained by solving for: the saturation downstream of the
trailing shock (Sgc), the saturation upstream of the leading shock (Sgb), and the
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dimensionless local flow rate between the shocks (qD). The wave velocity of these
saturations and all saturations in between is obtained by Equation 2.5. As shown in
Appendix A, Equations 2.7 and 2.8 can be solved simultaneously to obtain Sgc (the gas
saturation downstream of the trailing shock), and qDc (the dimensionless local flow rate
downstream of the trailing shock):
d
d
c
d
d
c
 Brine
(GCO
2  GCO 2 )   CO 2 (G Brine  G Brine )
q  c
d
c
c
d
c
 Brine (GCO
2  GCO 2 )   CO 2 (G Brine  G Brine )
c
D

q Dc

df g
dS g



d
c
c
 CO
2  q D CO 2
d
c
GCO
2  GCO 2

(2.7)

(2.8)

In the equations above, GCO2d and GBrined are known and GCO2c and GBrinec are functions of
Sgc only. Having obtained qDc and Sgc, we can find the location of the shock based on
Equation 2.5.
The leading shock is located by simultaneous solution of Equations 2.9 and 2.10 to obtain
Sgb (the gas saturation upstream of the leading shock):
b
a
b
b
a
b
q Da  CO
2 (G Brine  G Brine )   Brine (GCO 2  GCO 2 )

a
a
b
a
a
b
q Db  CO
2 (G Brine  G Brine )   Brine (GCO 2  GCO 2 )

q Db

df g
dS g



a
b
b
q Da  CO
2  q D CO 2
a
b
GCO
2  GCO 2

(2.9)

(2.10)

Note that qDb= qDc, since the flow velocity is constant in the two-phase region (Dumore et
al., 1984). qDc is already obtained from the solution for the trailing shock. Having
obtained Sgb, we can find the location of the leading shock based on Equation 2.5.
For the case of pure CO2 injection in an aquifer that initially contains only brine (i.e., no
dissolved CO2), the placement of the shocks could be determined graphically. The
method uses the gaseous phase fractional flow versus the gaseous phase saturation curve
(fg-Sg curve) to obtain the saturation at the trailing and leading shocks. The method is
illustrated in Figure 2.3. Gaseous phase saturation downstream of the trailing shock can
be found by drawing a line from point J tangent on the fg-Sg curve. A tangent line drawn
from point I on the fg-Sg curve gives the gaseous phase saturation upstream of the leading
shock. Both points I and J are located on a unit slope line drawn from the origin and can
be obtained by:
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To determine the similarity variable at the shock (based on Equation 2.5), the local flow
rate at the two-phase region (qDc) is required; it is obtained by:

q Dc 

(  aDCO 2 ,a   gD CO 2, g ) S gc  (  aD   gD ) S gc  (1  CO 2 ,a )  aD
(  aDCO 2, a   gDCO 2 , g ) f gc  (  aD   gD ) f gc  (1  CO 2 ,a )  aD   aD  gD (CO 2 ,a   CO 2, g )( S gc  f gc )
(2.13)

For all the saturations between the trailing shock and leading shock, the similarity
variable could be obtained based on Equation 2.5. The details of the derivation of the
above graphical method are given in Appendix A. The application of this solution to
problems of CO2 injection into aquifers is given later on in this paper.

Figure 2.3. Graphical Method to Determine the Specifications (Saturations and
Similarity Variables) of the Trailing and Leading Shocks
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In summary, the solution consists of three regions: a single-phase gaseous region, a twophase region of gaseous and aqueous phases, and a region of brine at its initial condition.
Capillary pressure and gravity forces are ignored in this analytical work due to the
complexity added to the solution. In the presence of capillary pressure and gravity forces
and with a strong viscous force (such as close to wellbore), development of a shock-like
solution has been shown in the literature (Bruining, 2001; Fayers and Sheldon, 1959).
2.3.3 Salt Precipitation in the Dry-out Zone
In this section, salt precipitation is modelled and included in the radial CO2/brine
displacement described above. Salt precipitation may occur due to vaporization of brine
into the gaseous phase during CO2 injection. When CO2 comes in contact with brine,
some CO2 dissolves in the brine, and some water vaporizes into the flowing gas phase,
which then displaces brine. The amount of brine that is displaced in the zone of twophase flow is less than the total movable brine saturation. Since the brine is being
vaporized while it is moving, the displaced brine saturation will be less than the movable
brine saturation. The higher the mobility of the brine, the more brine is displaced and the
less chance for vaporization. We approximate the three-component (CO2, water, and salt)
system with a two-component (CO2 and brine) system to construct the saturation profile.
The analytical solution is found to be composed of three regions that are connected by
two shocks (trailing and leading). The trailing shock velocity was found to be the same as
the velocity of the brine saturation downstream. Therefore, all the saturations with
velocities lower than the trailing shock velocity will not appear in the solution. The brine
will be fully vaporized once it reaches the saturation downstream of the trailing shock.
The gaseous phase which enters the equilibrium region is saturated by water.
Displacement of the fresh brine by the gaseous phase allows propagation of the leading
shock. The brine behind the leading shock is already saturated by CO2. As such, there is
no mass transfer between the saturated aqueous phase behind the leading shock and
saturated gaseous phase ahead of the trailing shock. In other words, in this model there is
no salinity change in the equilibrium region. Hence, all the solid salt precipitation will
occur upstream of the trailing shock as a result of vaporizing the saturated brine
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downstream of the trailing shock (i.e., where Sac =1-Sgc). This region is known as the dryout zone. Static material balance calculations give the equation below for the solid salt
saturation in the dry-out region (See Appendix C for details):

S salt 

 a salt ,a
1  S gc 
 salt

(2.14)

Equation 2.14 suggests that the precipitated salt saturation depends on molar salt
concentration in the aqueous phase ( salt,a), aqueous phase density (a), solid salt density
(salt), and the gas saturation downstream of the trailing shock (Sgc). In practice salt,a may
not be available. However, it can be closely approximated based on the brine salinity (See
Appendix C for details):

 salt ,a  s1  CO 2,a 

(2.15)

2.3.4 Porosity and Permeability Change
Due to salt precipitation, the porosity decreases based on Equation 2.16:

   0 (1  S salt )

(2.16)

Salt may precipitate in the large pores or in the small pores, in pore bodies or in porethroats. Depending on where the salt is precipitated, it may or may not significantly affect
the permeability. Many models have been presented to relate permeability to porosity
(Nelson, 1994). In this study, we use a simple Kozeny-Carman grain model based on
spheres to calculate changes in permeability due to changes in porosity (Bolton et al.,
1999). In essence, this equation will estimate the permeability of media based on a grain
size distribution. This equation is given by:
k

R02   3 


45  (1   ) 2 

(2.17)

where R0 is the initial local spherical radius in close packed structure.
Hence, the ratio of the permeability k to initial permeability k0 can be expressed as:

k  
 
k 0  0 

3

 1  0 


 1 

2

where 0 is the initial porosity. Combining Equations 2.16 and 2.18 gives:

(2.18)

27
3

1  S salt 
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0
1 
S salt 
 1  0


(2.19)

Since the solid salt saturation in the dry-out zone is constant, the permeability reduction
in the dry-out zone is independent of radius. However, with the expansion of the dry-out
zone with time, the permeability reduction affects an increasingly larger area of the
aquifer.
2.3.5 Skin Factor
The change in permeability can be described by a skin factor which may be included in
injectivity calculations (Hawkins, 1956):
r k
 dr
skin    0  1
rw
k
 r

(2.20)

Combining Equations 2.19 and 2.20 gives:
2


 1  0 S 

  1   0 salt 
  rdry (t ) 

skin  

1
 ln 
1  S salt 3

  rw 





(2.21)

where rdry is the radius of the dry-out region which is time-dependent. Therefore,
Equation 2.21 gives skin as a function of time.
2.4 Model Verification
The analytical solution of this paper assumes homogeneity, no diffusion/dispersion, no
capillary nor gravity forces, non-reactive rock, local phase equilibrium, and constant
pressure and temperature. Moreover, the analytical model approximates the ternary
system with a binary system in which salt precipitation only occurs within the dry-out
zone. The analytical model described above is now applied to a reference case from the
literature which is solved numerically. The numerical results are based on a totally
different formulation that does not have these constraining assumptions nor
approximations. Therefore, comparison between analytical and numerical results can help
to investigate the relevancy of our assumptions and approximations.
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2.4.1 Reference Case
The overall effect of salt precipitation on the permeability has been experimentally
examined by Muller et al. (2008). However, the permeability change has not been
spatially reported, so those results cannot be compared to the analytical solution.
Moreover, the capillary effect may not have been minimised in the experimental data,
again making it difficult to compare to the analytical solution, where one of the
assumptions is no capillary force. The analytical model is instead applied to a problem
with a numerical solution: CO2 injection into a saline aquifer with simplified flow
geometry and aquifer properties. CO2 is injected into a homogeneous, isotropic, infiniteacting aquifer at conditions of 120 bar pressure, 45 C temperature, and a salinity of 15
wt%. CO2 is injected at a constant rate of 100 kg/s in the aquifer centre through a well
which is completed over the entire aquifer thickness of 100 m. The flow is assumed to be
1-D radial and gravity effects are neglected. This problem has been presented in the
Lawrence Berkeley National Laboratory inter-comparison project (Pruess et al., 2002) as
test Problem #3. Detailed specifications for this problem are given in Table 2.1. The
aqueous and gaseous phase relative permeability curves are obtained based on the models
given in Table 2.2. The numerical results for this problem are presented by Pruess and
Spycher (2007), using a TOUGH2 simulator with the ability to simulate the salt
precipitation. The PVT data used in the numerical work is based on the PVT model
presented by Spycher and Pruess (2005).

2.4.2 Analytical Solution
In development of the analytical solution, the radial CO2/brine model is used first to
locate the trailing and leading shocks. We also use this model to find the profiles of
gaseous phase saturation and CO2 mole fraction. The gaseous phase fractional flow
versus gaseous phase saturation (fg-Sg) is plotted first (Figure 2.4). Points I and J are
obtained based on Equations 2.11 and 2.12. Tangent lines from these points on the
fractional flow curve give 0.198 and 0.489 for the gaseous phase saturation upstream of
the leading shock and downstream of the trailing shock, respectively. The profiles of
gaseous phase saturation and global CO2 mole fraction are illustrated in Figures 5 and 6.
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Based on these figures, the radius of dry-out region will reach 60 m after 10 years of
injection in this case. At that time, the CO2 front will be at 2,206 m from the injector.
Table 2.1. Aquifer Data

Brine salinity, mole fraction

Reference
Case
0.0516

Higher
Case
0.0931

Aquifer temperature, °C

45

35

Aquifer pressure, MPa

12

7.5

Porosity, fraction

0.12

0.2

Injection rate, kg/s

100

1

Aquifer thickness, m

100

30

Viscosity of gaseous phase, cp

0.0496

0.0412

Viscosity of aqueous phase, cp

0.826

1.365

Connate water saturation, fraction

0.3

0.1

Critical gaseous phase saturation, fraction

0.05

0.0

Equilibrium mole fraction of CO2 in gaseous phase, CO2,g

0.9953

0.9980

Equilibrium mole fraction of CO2 in aqueous phase, CO2,a

0.0110

0.0065

CO2 mole fraction in injected gaseous phase, CO2,g

1

1

Initial CO2 mole fraction in aquifer brine, CO2,a
Initial brine density, kmol/m3

0

0

54.85

54.38

Injected CO2 density, kmol/m

3

14.61

8.49

3

54.30

54.06

3

14.68

8.51

58.43

58.43

Solid salt molar density (kmol/m )

37.05

37.05

Well radius, m

0

0.1

Equilibrium aqueous phase density, kmol/m
Equilibrium gaseous phase density, kmol/m
Solid salt molecular weight (kg/kmol)
3

Salinity

Table 2.2. Relative Permeability Curves
Aqueous: van Genuchten function (1980)
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Using the formulation presented in this paper, the solid salt saturation is calculated to be
0.038 in the dry-out zone. For thermodynamic calculations in the analytical solution, we
have used the PVT model of Hassanzadeh et al. (2008), which is in close agreement with
that of Spycher and Pruess (2005).

Figure 2.4. Determination of Specifications of the Shocks for the Base Case

Figure 2.5. Analytical Gaseous Phase Saturation Profile (Salt Precipitation
Neglected)
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Figure 2.6. Analytical Global CO2 Mole Frac. Profile (Salt Precipitation Neglected)
2.4.3 Comparison of the Analytical Model with the Numerical Results
Pruess and Spycher (2007) have shown that the numerical results for the reference case
follow a similarity solution, where the solution remains invariant when plotted versus the
similarity variable r2/t (note that the numerical results are given for the line source case;
i.e., for rw=0). This is in agreement with the findings of the analytical solution developed
in this paper. The analytical versus numerical results are shown in Figures 7 and 8 with
respect to the similarity variable. The following differences are observed. The simulation
results exhibit fluctuating solid salt saturation in the dry-out zone, which on average
agree with the analytical solution. Furthermore, the numerical model gives a somewhat
slower leading shock and a faster trailing shock. As the pressure varies in the numerical
simulation, the compositional properties change as well. This therefore leads to subtle
differences between the shock locations and saturations of the numerical and analytical
solutions.
Salt precipitation occurs behind the trailing shock (dry-out zone) only. Based on Equation
2.19, the permeability of the dry-out zone reduces to 0.87 of its initial value due to salt
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precipitation. Assuming a wellbore radius of 0.1 m, skin factor will be about 0.76 after
the first year, increasing slowly to reach a value of about 1.0 after 25 years (Figure 2.9).
If the analytical model is applied to the problem above with halite-saturated brine
(salinity of 30 wt%), the solid salt saturation can be as high as 0.086 in such a case. As a
result, the permeability reduces to 0.73 of its initial value due to salt precipitation.

Figure 2.7. Analytical versus Numerical Results for Solid Salt Saturation

Figure 2.8. Analytical versus Numerical Results for Gaseous Phase Saturation
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Figure 2.9. The Skin Factor of Injection Well Over Time for Reference Case
Assuming rw=0.1m
2.4.4 Higher Salinity Case
The following example is presented based on the information given by Hurter et al.
(2008) for the CO2SINK project in Ketzin, Germany in the Stuttgart formation.
CO2 is injected at a rate of 1 kg/s in an aquifer with 0.2 porosity, 200 mD permeability,
and 30 m thickness. The aquifer is initially at 7.5 MPa pressure and 35 C temperature.
The formation brine is highly saline (250,000 ppm), which we assume to be saturated.
Further information on this problem is given in Table 2.1.
Using Equation 2.14, we obtain the solid salt saturation of 0.03 in the dry-out zone. The
result of applying the analytical model to this case is shown in Figure 2.10. The dry-out
region radius after two years is 3.9 m based on the analytical solution, compared to 13 m
given by Hurter et al. (2008).
We can use Equation 2.19 to calculate the change in permeability. Figure 2.11 shows the
ratio of current to initial permeability versus aquifer radius for different times. A region
of 12 meters radius will be affected by salt precipitation after 20 years.
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The permeability in the dry-out zone reduces to 0.89 of the initial permeability. The
change in permeability due to salt precipitation can be illustrated by a time-dependent
skin factor based on Equation 2.21. Figure 2.12 shows the skin factor of the injection well
versus time for the first 25 years of injection. The skin factor increases quickly over early
years of injection and reaches 0.6.

Figure 2.10. Analytical Results for Gaseous Phase Saturation of Higher Salinity
Case

Figure 2.11. Analytical Results for Permeability Reduction of Higher Salinity Case
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Figure 2.12. The Skin Factor of Injection Well Over Time for Higher Salinity Case
2.5 Discussion
The analytical model presented here is based on the approximation of the ternary system
by a binary model. We also neglect capillary and gravity forces in developing the model.
Inclusion of capillary pressure would cause counter-current imbibition of brine into
blocks with low brine saturation. This can be of significant importance if injection rate is
small, or when due to a combination of gravity forces and/or heterogeneity, regions of
low velocity occur where capillary forces could play a significant role. This capillary
effect would move more brine into the region where dry-out occurs. Thus, neglecting the
capillary force in some situations may significantly underestimate the local amount of salt
precipitation. The results presented in this paper indicated that reduction in permeability
due to salt precipitation can be relatively small when capillary and gravity forces are
neglected. However, if solid salt perfectly plugs the pore throats, permeability reduction
may be more severe (Kleinitz, 2001).
Since completion of this work, Pruess and Muller (2009) and Pruess (2009) have
presented numerical and analytical studies of salt precipitation. The numerical studies of
Pruess and Muller (2009) use gas-water relative permeability curves with a large
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curvature leading to precipitation of up to 9.1% salt. When this is combined with a
permeability model that exhibits complete plugging (zero permeability) at 10%,
significant pressure drop close to the wellbore is observed. In their 2-D simulation
studies, Pruess and Muller (2009) show that in the presence of gravity, CO2 override
could lead to regions of low velocity at the bottom of formation. In such a region, where
the viscous force is small, the capillary force causes significant brine supply to the dry
out zone with salt saturation as high as 20% observed in the numerical results.
1-D numerical results are not available to be compared with the results of the analytical
model for the higher salinity case (Stuttgart formation). However, 2-D numerical results
for this problem are given by Hurter et al. (2008). Values as high as 0.8 are reported for
the solid salt saturation using the numerical simulation, compared to a maximum of 0.03
for the solid salt saturation predicted by the 1D analytical model. This is a significant
difference between the 2-D numerical and 1-D analytical results. One of the reasons for
this difference could be related to the combined effect of capillary and gravity forces as
described above. In situations where salt precipitation may be a concern, a preflush
treatment could displace the high salinity brine away from the wellbore, alleviating the
problems associated with potential plugging in the near wellbore region (Pruess and
Muller, 2009).
Wellbore injectivity is certainly not controlled by salt precipitation alone. During CO2
injection in an aquifer, the more viscous phase (formation water) is displaced by a less
viscous phase (CO2), so the reduction in injectivity due to salt precipitation can be offset
(at least partially) by increased mobility as a result of the replacement of water by CO2 in
the near wellbore region.

2.6 Summary and Conclusions
Due to salt precipitation, as water evaporates into injected CO2, porosity and permeability
might be reduced in some CO2 injection scenarios. An analytical model is developed to
predict the amount of salt precipitation and the region in which it occurs over time. The
model assumes homogeneity, no diffusion/dispersion, no gravity nor capillary forces,
non-reactive rock, local phase equilibrium, and constant pressure and temperature. In
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developing this model, Orr’s formulation for two-component CO2/brine displacement is
applied to a radial coordinate system. Next, a model for salt precipitation is developed
and included in the radial 2-phase model. In derivation of the model, it is shown that it
has a similarity property; the solution depends on radial distance r and time t only
through the similarity variable =(r2-rw2)/t. The similarity variable  known as wave
velocity, is the local flow rate times the fractional flow derivative. This definition of
wave velocity gives a physically impossible solution because we find that more than one
saturation will exist at a single location. The inconsistency is resolved by the propagation
of discontinuities known as shocks. Approximation of the ternary system by a binary
system gives rise to the prediction that salt precipitation occurs in the region behind the
trailing shock (dry-out zone) only. Salt precipitation in the dry-out zone occurs because
of vaporization of the brine saturation corresponding to downstream of the trailing shock.
The model is extended to evaluate the effect of salt precipitation on porosity and
permeability. It is also shown that the effect can be described in terms of time-dependent
skin factor.
The analytical model was applied to the Lawrence Berkeley National Laboratory intercomparison problem #3 (Pruess et al., 2002). The analytical results match the numerical
results provided by Pruess and Spycher (2007) using the TOUGH2 simulator as indicated
in Figures 7 and 8. In such a case, the permeability may reduce to 87 percent of its initial
value.
For cases studied, salt saturation was a few percent. The loss in injectivity depends on
the degree of reduction of formation permeability with increased salt saturation. For
permeability-reduction models considered in this work, the loss in injectivity was not
severe.
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Nomenclature
A=Cross-sectional area, m2
f = fractional flow
h = aquifer thickness, m
G= normalized global concentration, Dimensionless
H= normalized molar rate, Dimensionless
k = permeability, Darcy
m = number of moles, kmole
q = volumetric rate, m3/s
r = radius, m
R = spherical radius of close packed structure, m
s = salinity, mole fraction
S = saturation
skin = skin factor
t = time, s
x = distance, m
z = global mole fraction, fraction
 definition given by equation A22
porosity, fraction
= visocity, Pa.s
 = molar density, kmol/m3
 mole fraction
similarity variable, m2/s

Subscripts:
0 = initial
D = dimensionless
dry= Dry-out region
g = gaseous phase
inj = injection
a= aqueous phase
r= relative
t = total
w = well
Superscripts:
a = downstream of the leading shock
b = upstream of the leading shock
c = downstream of the trailing shock
d = upstream of the trailing shock
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Appendix 2A. Radial Two-component CO2/Brine Displacement
In the following, a model for radial CO2/brine displacement is developed. CO2 is injected
in a well of radius rw, which is placed in the centre of an infinite-acting brine aquifer.
Starting with the continuity equation and using the concept of fractional flow, Orr (2007)
developed a linear two-component gas/oil displacement model; the model developed here
is the radial two-component CO2/brine displacement analog of Orr (2007).
The continuity equations in 1-D radial flow for each of aqueous (= a) and gaseous (= g)
phases are (considering no interaction between phases):




(  a q a ) 
 ( A a S a )
r
t

(  g q g )
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( A g S g )
t

(A2)

Summation of Equations A1 and A2 gives:
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(A3)

For the CO2 component in each of the phases, we may write the following considering no
diffusion:
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Using the concept of fractional flow, where f a 
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, we can write Equation
qt
qt

A4 as:




(  a CO 2 ,a f a qt   g  CO 2 , g f g qt )  ( A a CO 2, a S a  A g  CO 2 , g S g )
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(A5)

Considering constant injection rate and porosity gives:



qinj 

(  aDCO2,a f a qD   gDCO 2, g f g qD )  ( aDCO 2,a Sa   gDCO 2, g S g )
A r
t

(A6)

where qD=qt/qinj and aD=a/inj and gD=g/inj.
In this equation, the flow rates and the densities of liquid and gas phases are made
dimensionless, based on injected fluid values. qt is the local flow rate, which is the
summation of local liquid and gas flow rates. Due to the volume change as components
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transfer between phases, the local flow rate of each of the phases varies. Therefore, the
local flow rate is not constant. CO2,a and CO2,g are the equilibrium mole fractions of
CO2 component in the liquid and gas phases, respectively. The mole fractions and
densities are fixed, because the pressure and temperature are taken as constant. Equation
A6 can be re-written as:



qinj H CO 2 GCO 2

A r
t

where: H CO 2   aDCO 2,a f a q D   gDCO 2, g f g q D

GCO 2   aDCO 2,a S a   gDCO 2, g S g

(A7)
(A8.1)
(A8.2)

Replacement of the cross-sectional area A=2rh gives:



qinj 1 H CO 2 GCO 2

h 2r r
t

(A9)

Or:

GCO 2 qinj H CO 2

0
t
h r 2

(A10)

A similar equation can also be written for the brine component. The above-noted
assumption of constant pressure and temperature leading to phase densities and
component mole fractions being fixed also leads to GCO2 being a function of saturation
only. Dumore et al. (1984) demonstrated that the local flow velocity is constant for
composition variations along a single tie-line in the two-phase region. Therefore, HCO2 is
a function of gaseous phase fractional flow (fg) only. In turn, fg is a function of gaseous
phase saturation (Sg) only. Thus, HCO2 can be written in terms of GCO2 only. The chain
rule can be used to re-write Equation A10 as:
GCO 2 qinj dH CO 2 GCO 2

0
t
h dGCO 2 r 2

(A11)

From Equation A11, we conclude:

q  dH

 dr 2 


 inj  CO 2 
 dt  GCO 2 h  dGCO 2  GCO 2
Integration of this equation gives:

(A12)
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2
qinj dH CO 2
r 2  rw

t
h dGCO 2

(A13)

Next, we evaluate the term

dH CO 2
to sketch the solution. Differentiation of Equation A8
dGCO 2

gives:
df g
dH CO 2
 q D (  gDCO 2, g   aDCO 2,a )
dGCO 2
dGCO 2

(A14)

On the other hand:
df g
dGCO 2



df g

dS g

dS g dGCO 2



 gDCO 2, g

df g
1
  aDCO 2, a dS g

(A15)

Substitution of Equation A15 into Equation A14 gives:
df g
dH CO 2
 qD
dGCO 2
dS g

(A16)

Then we have:
 r 2  rw 2 
qinj 
df 
 qD g 







t

 GCO 2 h  dS g  GCO 2

(A17)

The variable =(r2-rw2)/t is the wave velocity or similarity variable. In the definition of
fractional flow, the gravity and capillary forces are neglected, so the following is
obtained for gaseous phase fractional flow (Buckley and Leverett, 1942):
fg 

1
k g
1  ra
k rg  a

(A18)

where kra and krg are the relative permeabilities of aqueous and gaseous phases,
respectively, that depend only on phase saturation. a and g are the viscosities of
aqueous and gaseous phases, respectively. Since GCO2 and fractional flow derivative are
both functions only of gaseous phase saturation, the solution will be obtained in terms of
gaseous phase saturation versus similarity variable, =(r2-rw2)/t. This solution can be
converted to an expression of overall mole fraction, using the equation below, also versus
the similarity variable:
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 gD CO 2, g S g   aDCO 2,a S a
 gD S g   aD S a

(A19)

However, Equation A17 has more than one solution, so that at the same location more
than one saturation is obtained, a physically impossible solution, because we find that
more than one saturation will exist at a single location. This dilemma is resolved by the
propagation of discontinuities known as shocks.
There are two shocks in this case. When both dissolution of CO2 in brine and
vaporization of brine into CO2 are considered, two single-phase regions can be
developed: a single-phase gaseous phase region behind the trailing shock and a singlephase aqueous region ahead of the leading shock. Each of these single-phase regions is
connected to the two-phase region by a shock.
In the following, the shock which connects the single-phase gaseous phase region to the
two-phase region is referred to as the trailing shock. The shock that connects the twophase region to the single-phase aqueous region is called the leading shock, as it is
always ahead of the trailing shock. The approach below is used to locate the shocks.
Consider the trailing shock from the injection (upstream) composition, GCO2d, to the
downstream composition, GCO2c, in the two-phase region. The material balance equation
on the trailing shock gives:
d
c
d
c
H CO
H Brine
 H Brine
2  H CO 2
 d
d
c
c
GCO
GBrine  G Brine
2  GCO 2

(A20)

For convenience, and noting that qDd=1 since the flow rate upstream of the trailing shock
equals the injection rate, we re-write Equation A20:
d
c
c
d
c
 CO
 Brine
 q Dc  Brine
2  q D CO 2

d
c
d
c
GCO
GBrine
 G Brine
2  GCO 2

where: H CO 2  q D CO 2  q D  aDCO 2,a (1  f g )   gDCO 2, g f g 

H Brine  q D Brine  qD  aD Brine,a (1  f g )   gD water , g f g 

(A21)
(A22a)
(A22b)

Solving for qDc gives:
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d
c
d
d
c
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(GCO
2  GCO 2 )   CO 2 (G Brine  G Brine )
q  c
d
c
c
d
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 Brine (GCO
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c
D

(A23)
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GCO2d and GBrined are known and GCO2c and GBrinec are functions of Sgc only. Application
of the entropy condition and velocity constraint (Helfferich, 1982; Lax, 1957) shows that
the trailing shock is a semi-shock that satisfies:
q Dc

df g
dS g



d
c
c
 CO
2  q D CO 2
d
c
GCO
2  GCO 2

(A24)

Equations A23 and A24 can be solved simultaneously to obtain qDc and Sgc.
The material balance equation on the leading shock gives:
a
b
a
b
H CO
H Brine
 H Brine
2  H CO 2
 a
a
b
b
GCO
GBrine  G Brine
2  GCO 2

(A25)

Using Equation A22, this equation becomes:
a
b
b
a
b
q Da  CO
q Da  Brine
 q Db  Brine
2  q D CO 2
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b
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GCO
G Brine
 G Brine
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(A26)

Then:
b
a
b
b
a
b
q Da  CO
2 (G Brine  G Brine )   Brine (GCO 2  GCO 2 )

a
a
b
a
a
b
q Db  CO
2 (G Brine  G Brine )   Brine (GCO 2  GCO 2 )

(A27)

Note that qDb= qDc, since the flow velocity is constant in the two-phase region (qDc is
already obtained from the solution for the trailing shock). We need one more equation to
evaluate qDa. This equation is given based on the semi-shock equation:
a
b
b
q Da  CO
2  q D CO 2
q

a
b
dS g
GCO
2  GCO 2
b
D

df g

(A28)

Equations A27 and A28 can be solved simultaneously to obtain qDa and Sgb.
It should be noted that the absolute permeability of the reservoir has no effect on the
positions of the shocks and therefore on the advancement of CO2 in the reservoir.
Absolute permeability only affects the injectivity.
The above formulation in placement of the trailing shock can be obtained graphically: a
tangent line from point d on the HCO2-GCO2 curve gives the trailing shock specifications,
whilst a tangent line from point a on the HCO2 -GCO2 curve gives the leading shock
specifications. For the case of pure CO2 injection in a saline aquifer that initially contains
brine only, we can write:
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(A29)

This result means that the trailing and leading shocks can be obtained by drawing tangent
lines from the origin and point (1,1) on the HCO2-GCO2 curve, respectively. The slope of
the tangent line gives the similarity variable and the tangent point gives the
saturation/concentration at the shock. However, as the HCO2-GCO2 curve is not predetermined (it depends on the compositional properties and local flow rate), the above
graphical method is impractical. In the following, this graphical method is relaxed to
enable placement of the shocks based on the fg-Sg curve.
For the above case of pure CO2 injection in a saline aquifer that initially contains brine
only, we can also write:
d
d
d
d
a
a
a
 CO
2  1 , GCO 2  1 ,  Brine  0 , GBrine  0 ,  CO 2  0 , GCO 2  0 ,  Brine   Brine  CO 2 ,
a
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(A30)

Combining Equations A24 and A21 using the above expressions gives the following at
the trailing shock:
df g
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That gives:
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Or:
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(A33)
In other words, the trailing shock saturation can be obtained by drawing a tangent line
from point J on the fg-Sg curve. The obtained saturation can be used along with Equation
A21 to determine qDc. This will lead to the following:
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Then, the similarity variable of the trailing shock will be obtained by Equation A17. It
should be noted that point J on fg-Sg graph corresponds to point (GCO2, HCO2)=(1,1) on the
HCO2-GCO2 graph. Likewise, point I could be determined on the fg-Sg graph that
correspond to (GCO2, HCO2)=(0,0) on the HCO2-GCO2 graph to be used to obtain the
saturation of the leading shock. For this purpose, Equation A26 is simplified to the
following based on Equation A28:
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 b 2
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That can be re-written as:
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(A36)
This means that a tangent line drawn from point I on the fg-Sg curve gives the saturation
upstream of the leading shock (Sgb). Again, the similarity variable of this shock will be
given based on Equation A17.
It can be shown that, if the volume change upon mixing is neglected, points I and J given
above will be reduced to the formulation given by Noh et al. (2007).

Appendix 2B. Procedure for Obtaining the Solution Profile
(1)

Plot gaseous phase fractional flow versus gaseous phase saturation (fg-Sg) curve

using Equation 2.3. For this purpose, gaseous and aqueous phases viscosities are
required, which are obtained using the PVT model at the aquifer conditions.
(2)

Obtain the coordinate of point I based on Equation 2.11. Draw a tangent line from

this point on the fg-Sg curve. The tangent point is the saturation upstream of the leading
shock.
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(3)

Obtain the coordinate of point J based on Equation 2.12. The tangent point

obtained by drawing a tangent line from this point on the fg-Sg curve gives the saturation
downstream of the trailing shock.
(4)

Obtain the local flow rate in the equilibrium region (qDc) using Equation 2.13.

(5)

Obtain the similarity variable at the shocks and the saturations in between using

Equation 2.5.
(6)

Obtain the solid salt saturation for the dry-out region using Equation 2.14.

Appendix 2C. Salt Precipitation in the Dry-out Zone
In the following, we develop an equation to calculate the saturation of solid salt in the
dry-out zone. From the saturation of gaseous and aqueous phases we can write:
mwater ,a  m salt  mCO 2,a

a
mCO 2, g  mwater , g



1  S gc
S gc

(C1)

g
The molar salt concentration in the aqueous phase is:

msalt
  salt ,a
mwater , a  msalt  mCO 2,a

(C2)

The mole fraction of CO2 in aqueous and gaseous phases gives:
mwater ,a

mCO 2,a
 CO 2,a
 mCO 2,a  msalt

mCO 2, g
mwater , g  mCO 2, g

 CO 2, g

(C3)

(C4)

The solid salt saturation is defined as:

S salt

msalt
msalt

 salt
 salt 
mCO 2, g  mwater , g
V
 g S gc

Combining the above equations and solving for solid salt saturation (Ssalt) gives:

(C5)
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S salt 

 a salt ,a

1  S gc 
 salt

(C6)

Note that in practice the salinity is given which is defined as:

mwater , g

msalt
s
 mwater ,a  msalt

(C7)

Combining Equation C7 with Equations C1 to C5, one can calculate the salt
concentration in the aqueous phase based on the salinity:


 water ,g S gc  g

 salt ,a  s 1  CO 2,a 

1  S gc  a











(C8)

The latter term in the bracket above can be neglected due to small values of vaporized
water in the gaseous phase, therefore:

 salt ,a  s1  CO 2,a 

(C9)
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Chapter Three: SENSITIVITY ANALYSIS OF SALT PRECIPITATION AND CO2BRINE DISPLACEMENT IN SALINE AQUIFERS1

Abstract
Carbon dioxide sequestration in deep saline aquifers is a means of reducing
anthropogenic atmospheric emissions of CO2. Among various mechanisms, CO2 can be
trapped in saline aquifers by dissolution in the formation water. Vaporization of water
occurs along with the dissolution of CO2. Vaporization can cause salt precipitation, which
reduces porosity and impairs permeability of the aquifer in the vicinity of the wellbore,
and can lead to reduction in injectivity. In an earlier work, we developed an analytical
model to predict the precipitated salt saturation and CO2 displacement around the
wellbore.

In this study we analyse the effect of different parameters on the salt

precipitation and CO2-brine displacement. The parameters include: aquifer pressure,
temperature, salinity, relative permeability functions, and volume change upon mixing.
The results indicate that increasing the salinity, increases the CO2 spread due to reduced
vaporization and dissolution. Furthermore, it is found that the amount of salt precipitation
increases and the maximum plume size decreases with pressure increase. The CO2 plume
expands by increasing the temperature. However, the effect of temperature on the salt
precipitation depends on the pressure.
Increasing relative permeability of the aqueous phase (or decreasing the relative
permeability of the gaseous phase) causes both the amount of precipitated salt saturation
and the extent of the CO2 plume to decrease. It is also found that the effect of volume
change upon mixing may be negligible at higher pressures.
For the range of parameters studied, both the solid salt saturation and the plume extent
are very sensitive to the relative permeability of the aqueous phase. While the plume size
is also very sensitive to the pressure, the salt precipitation is most affected by the brine
salinity.

1

This chapter is an exact copy of: Zeidouni M., Pooladi-Darvish M., 2009, Sensitivity Analysis of Salt
Precipitation and CO2 Brine Displacement in Saline Aquifers, Paper SPE 126690, SPE International
Conference on CO2 Capture, Storage, and Utilization, 2-4 November 2009, San Diego, CA.
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3.1 Introduction
The primary driver of climate change is likely to be CO2 emissions caused by use of
fossil fuels (IPCC, 2005). A variety of methodologies have been proposed to cut these
emissions. A preferred method is CO2 capture and storage in saline aquifers. The injected
CO2 can dry out the brine in the vicinity of the wellbore leading to the precipitation of
brine salt content. In an earlier work (Zeidouni et al., 2009) we developed an analytical
model to estimate the radius of the dry-out zone — where salt precipitation occurs — and
the fraction of the pore volume that will be occupied by salt. Salt precipitation in the
vicinity of the injection well impairs the permeability and reduces the injectivity. The
analytical model also predicts the maximum radius of the CO2 plume in the aquifer under
model assumptions. The CO2 plume radius determines the mobile CO2 to be present at
the base of the overlying cap-rock and therefore is an important parameter in assessment
of the risk of CO2 leakage from the aquifer.
In the following the analytical model is briefly described, followed by the sensitivity
analysis of salt precipitation and CO2 encroachment to different variables. The sensitivity
parameters include the aquifer pressure, temperature, salinity, relative permeability
functions, and volume change upon mixing. In development of the analytical model, the
rock is considered as inert and the gravity and capillary forces are neglected. The effect
of relaxing these assumptions on the amount of salt precipitation has been explored in the
literature using numerical simulations. Pruess and Muller (2009) have studied the effect
of capillary and gravity forces on the salt precipitation. They have shown that considering
the capillary force leads to a non-uniform increase in the amount of precipitated salt in
the dry-out region. It has also been shown that considering the gravity can assist the
capillary effect leading to an increase in the local solid salt saturations.
If the rock is not inert, the interaction between the fluids and the minerals can increase or
decrease the porosity according to different active chemical processes.

The effect of

rock-fluid interactions have been studied by Andre at al. (2007) and Gaus et al. (2008).
They considered the salt precipitation due to vaporization in their geochemical modelling.
It has been shown that the chemical processes vary according to the distance from
injection well giving regions arrangement similar to that reported for non-reactive rock
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(Zeidouni et al., 2009). The porosity close to the wellbore may increase or decrease
depending on the relative importance of precipitation and dissolution processes. Effect of
vertical heterogeneity on the salt precipitation has been studied by Yamamoto and
Doughty (2009).

3.2 Overview of the analytical model
The ternary system (3-Phases and 3-Components) is initially approximated by a binary
system (2-Phases and 2-Components) because one of the phases is immobile (the solid).
The solid precipitation effect is then added by translation of the brine vaporization into
solid salt precipitation. The model assumes homogeneity, no diffusion/dispersion, no
gravity nor capillary forces, non-reactive rock, local phase equilibrium, and constant
pressure and temperature. Under these assumptions and approximation, the model
predicts three regions in the vicinity of the wellbore: The fresh brine region, equilibrium
region, and dry-out region. Deep in the aquifer, where brine has not been in contact with
injected CO2, only fresh brine exists (region 1 in Figure 3.1). In the region upstream of
the fresh brine, the brine contains the CO2 component. In this region, both aqueous and
gaseous phases are mobile and in equilibrium (region 2 in Figure 3.1). The gaseous phase
saturation of this region is increasing toward the injection well. Upstream of the
equilibrium region toward the injection well, is the dry-out region where the vaporization
of brine into the gaseous phase has occurred. Therefore, the solid salt precipitates at this
region (region 3 in Figure 3.1). The saturated gaseous phase is transported by the fresh
injected CO2 into the equilibrium region. Thus, the gaseous phase in the dry-out region
contains CO2 component only.
The above three regions are separated by two shocks: the trailing shock and the leading
shock. The shock is defined as discontinuity in saturation or concentration. The fresh
brine region is separated from the equilibrium region by the leading shock. The trailing
shock separates the equilibrium region from the dry-out region (region 3 in Figure 3.1).
The dissolution of the CO2 in the brine occurs at the leading shock while the vaporization
of water into gaseous phase occurs at the trailing shock. There is no mass transfer
between the saturated aqueous phase and saturated gaseous phase in equilibrium region.
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Figure 3.1. Arrangement of the regions around the wellbore based on analytical
model

Figure 3.2. a) typical form of the solution; b) the graphical method to obtain
gaseous phase saturations at the trailing shock (Sgc) and leading shock (Sgb).
The solution of this problem can be expressed in terms of gaseous phase saturation or
CO2 global concentration versus the similarity variable (also referred to as propagation
velocity, =(r2-rw2)/t). A typical form of the solution is shown in Figure 3.2a.
The shocks specifications can be obtained based on a graphical method. The method
uses the gaseous phase fractional flow versus the gaseous phase saturation curve (fg-Sg
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curve) to obtain the saturation at the trailing and leading shocks. The method is illustrated
in Figure 3.2b. Gaseous phase saturation downstream of the trailing shock can be found
by drawing a tangent line from point J on fg-Sg curve. A tangent line drawn from point I
on the fg-Sg curve gives the gaseous phase saturation upstream of the leading shock. Both
points I and J are located on a unit slope line drawn from the origin and can be obtained
by:
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The propagation velocity for the gaseous phase saturations of the shocks and the
saturations in between are given by:
 r 2  rw 2
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dS g 
 S g h 
Sg

(3.3)

Where the local flow rate at the equilibrium region (qD) is obtained by:
qD 

(  aDCO 2,a   gDCO 2 , g ) S gc  (  aD   gD ) S gc  (1  CO 2 ,a )  aD
(  aDCO 2,a   gDCO 2 , g ) f gc  (  aD   gD ) f gc  (1  CO 2 ,a )  aD   aD  gD (CO 2 ,a  CO 2, g )( S gc  f gc )
(3.4)

Then the solid salt saturation can be obtained by:
S salt 

 a  salt , a
 salt

1  S 
c
g

(3.5)

Equation 3.5 suggests that the precipitated salt saturation depends on molar salt
concentration in the aqueous phase ( salt,a), aqueous phase density (a), solid salt density
(salt), and the gas saturation downstream of the trailing shock (Sgc). In practice salt,a may
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not be available. It can be closely approximated based on the brine salinity (s, defined as
moles of salts dissolved in one mole brine):

 salt , a  s1  CO 2, a 

(3.6)

In the following the effect of number of parameters on the salt precipitation and the
maximum CO2 plume radius is presented. The leading shock velocity determines the
edge of the CO2 in the aquifer under the assumptions of our model. Therefore, in the
following sensitivity analysis we use the leading shock velocity as a measure of the
maximum plume size. If the assumptions of the analytical model are violated, the
maximum plume size may be larger than that obtained based on the leading shock
velocity. The aquifer and injection conditions for the base case are given in Table 3.1
which are from the test Problem #3 of the Lawrence Berkeley National Laboratory intercomparison project (Pruess et al., 2002). The aqueous and gaseous phase relative
permeability curves are obtained based on the models given in Table 3.2. For the base
case =0.457 and n=2 are considered (See Figure 3.12 and Figure 3.15).

Table 3.1. Base case conditions
Parameter
Brine salinity, mole fraction
Aquifer temperature, °C
Aquifer pressure, MPa
Porosity, fraction
Injection rate, kg/s
Aquifer thickness, m
Viscosity of gaseous phase, cp
Viscosity of aqueous phase, cp
Connate water saturation, fraction
Critical gaseous phase saturation, fraction
CO2 mole fraction in injected gaseous phase, CO2,g
Initial CO2 mole fraction in aquifer brine, CO2,a
Well radius, m
, aqueous phase relative permeability parameter
n, Corey’s exponent
*The salinity in mass fraction is 0.15

Base Case
0.0516*
45
12
0.12
100
100
0.0496
0.8260
0.3
0.05
1
0
0.1
0.457
2
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Table 3.2. Relative permeability curves
Aqueous: van Genuchten function (1980)

   

2

1/   
k ra  S * 1  1  S *
 where:



S* 

S a  S wirr
1  S wirr

Gaseous: Corey curve (1954)

 

n
krg  1  Sˆ 1  Sˆ 2
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Sˆ 

S a  S wirr
1  S wirr  S gc

3.3 Effect of aquifer pressure
The analytical model described above is developed assuming constant pressure. In reality
the pressure changes considerably around the wellbore over time and space. Therefore, it
is important to find the effect of the pressure on the amount of salt precipitation and
maximum CO2 plume spread. CO2 storage in saline aquifers at supercritical conditions
allows high storage efficiency because of large CO2 density. To demonstrate the effect of
pressure on the CO2 plume size we vary pressure between 8 and 32 MPa (critical point is
approximately at 31 C and 7.4 MPa).
As the pressure increases the ratio of gaseous phase viscosity to the aqueous phase
viscosity (g/a) increases (Figure 3.3). This causes the fractional flow of the gaseous
phase to decline based on Equation (3.7).
fg 

1
k g
1  ra
k rg  a

(3.7)

The decrease in gaseous phase fractional flow combined with the increased CO2
dissolution reduces the extension of the CO2 in the aquifer as the pressure increases. The
leading shock velocity is illustrated in Figure 3.3 based on which the maximum radius of
the plume after 100 days varies from 573 m for an aquifer with 8 MPa pressure to 300 m
for an aquifer with 32 MPa pressure.
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Figure 3.3. Gaseous phase to aqueous phase viscosity ratio (solid curve) and leading
shock velocity (dashed curve) vs. pressure.
As the pressure increases, the ratio of gaseous phase molar density to the aqueous phase
molar density increases. The ratio of the water mole fraction in the gaseous phase to that
in the aqueous phase also increases with pressure increase. Therefore, the denominator of
point J coordinate decreases, causing point J to get farther from point (1,1) (Figure 3.4).

Figure 3.4. Coordinate of point J (solid curve) and gaseous phase saturation at the
trailing shock (dashed curve) vs. pressure.
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The gaseous phase saturation at the trailing shock (Sgc) should decrease monotonically if
it was controlled by the coordinate of point J only. However, the fractional flow curve (fgSg) also changes with the pressure due to the changes in the viscosity ratio. The combined
changes of the fractional flow and position of point J due to pressure causes a slight
increase in the gaseous phase saturation at the trailing shock at higher pressures (Figure
3.4). As a result, the salt precipitation behaviour versus pressure will be as shown in
Figure 3.5. The fractional flow represents the mobility of the phase. The position of point
J is mainly influenced by the vaporization. It is the combined effect of vaporization and
mobility that controls the amount of salt precipitation. The pressure effect on salt
precipitation is more visible through its effect on the amount of vaporization than on the
mobility. The maximum change in the precipitated salt saturation occurs at lower
pressures. As shown in Figure 3.5, the solid saturation has been increased by 5.3 % due to
the change of the pressure from 8 MPa to 12 MPa.

Figure 3.5. Solid salt saturation versus pressure.
The effect of pressure on the salt precipitation and maximum plume extent is independent
of temperature. In other words, similar behaviour as reported above is obtained at
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different temperatures above the critical temperature of the CO2. However, the changes
with temperature are not monotonic, as explained in the next section.

3.4 Effect of aquifer temperature
In the analytical model, the temperature is assumed to be constant. However, in practice,
the temperature may vary since the injected CO2 might have a different temperature than
that in the aquifer. We study and report the effect of temperature for supercritical
temperatures (>30.98 C) only.
For a constant mass injection rate, with higher temperatures the injected fluid expands
and therefore the CO2 plume covers a larger area. The leading shock velocity versus
temperature is shown in Figure 3.6 for different pressures.

Figure 3.6. Leading shock velocity versus temperature for different pressures.
Concerning the amount of salt precipitation, the effect of temperature can be significantly
different under different pressure conditions. This is mainly due to the different
behaviour of vaporization on different pressure ranges. The mole fraction of vaporized
water in the gaseous phase (water,g) versus temperature is shown in Figure 3.7 for
different pressures. For higher temperatures, the amount of vaporization always increases
with increasing the temperature. However, at lower temperatures, the vaporization can

60
reduce at lower pressures. The vaporization behaviour also affects the gaseous phase
density as shown in Figure 3.8. The amount of CO2 dissolution in the aqueous phase and
the aqueous phase density will decrease monotonically as the temperature increases (not
shown here). The combined effect of phase densities and concentration determines the
position of point J, according to which the gaseous phase saturation at the trailing shock
is as shown in Figure 3.9. The resulting solid salt saturation is illustrated in Figure 3.10.
Based on this figure, the behaviour of solid salt saturation versus temperature depends on
the pressure. At higher pressures, the salt precipitation increases with temperature.
However, at lower pressures, the precipitated salt saturation declines to reach a minimum
before it starts to increase with temperature. At moderate pressures, the opposite of the
above behaviour could occur. It should be noted that the effect of temperature on salt
precipitation is insignificant.

Figure 3.7. Mole fraction of water in the gaseous phase versus temperature at
different pressures.
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Figure 3.8. Gaseous phase molar density versus temperature for different pressures.

Figure 3.9. Gaseous phase saturation at the trailing shock versus temperature for
different pressures.
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Figure 3.10. Solid salt saturation versus temperature for different pressures.
3.5 Effect of brine salinity
While increasing the brine salinity causes the vaporization of water in CO2 to decrease
slightly, it reduces the dissolution of CO2 in the brine significantly. Therefore, increasing
the salinity leads to more free CO2 in the gaseous phase, causing the velocity of the
leading shock to increase (Figure 3.11). The graph is almost linear showing that doubling
the salinity causes roughly 8% increase in the velocity of CO2 advancement into the
aquifer.
As expected, increasing the salinity increases the solid salt saturation. However, the
behaviour may not be linear. Based on equation 3.5 the solid salt saturation also varies
with the aqueous phase density and the gaseous phase saturation at the trailing shock. It is
found that changes in aqueous phase density and trailing shock saturation are negligible
and the salt precipitation is mainly controlled by the salinity. As shown in Figure 3.11 the
salt precipitation changes almost linearly with salinity. Due to the increase in the amount
of brine to be vaporized, the amount of precipitated salt may slightly deviate from
linearity as the salinity increases. It should be noted that the salinity in this study is molar.
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Figure 3.11. Leading shock velocity (solid curve) and solid salt saturation (dashed
curve) versus salinity.
3.6 Effect of aqueous phase relative permeability
The aqueous phase relative permeability curvature is controlled by the parameter  and
the irreducible brine saturation (Swirr) as given by the relative permeability equation in
Table 3.2. The effect of  on the relative permeability is shown in Figure 3.12. As 
increases the aqueous phase mobility increases allowing for higher gaseous phase
saturation behind the leading shock and less CO2 encroachment in the aquifer. Therefore,
the leading shock velocity reduces with increased mobility of the aqueous phase (Figure
3.13). The aqueous phase relative permeability can also be increased by decreasing S wirr.
The effect of Swirr on the leading shock velocity is shown in Figure 3.14. It should be
noted that the relative permeability of gaseous phase also decreases by decreasing S wirr
based on Table 3.2.
Higher aqueous phase relative permeability (or lower gaseous phase relative
permeability) allows for less gaseous phase encroachment. Therefore, local gaseous
phase saturations increase. Especially the gaseous phase saturation at the trailing shock
increases which reduces the brine saturation at the trailing shock. Therefore, the amount
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of salt precipitation decreases in response to increasing the aqueous phase relative
permeability (Figure 3.13). The effect of changing the relative permeability through S wirr
is also shown in Figure 3.14.

Figure 3.12. Aqueous phase relative permeability versus gaseous phase saturation
for different values of parameter  (based on the relationship given in Table 3.2).

Figure 3.13. Leading shock velocity (solid curve) and solid salt saturation (dashed
curve) versus parameter .
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Figure 3.14. Leading shock velocity (solid curve) and solid salt saturation (dashed
curve) versus irreducible brine saturation (Swirr).
3.7 Effect of gaseous phase relative permeability
The sensitivity of salt precipitation and the maximum plume extent to gaseous phase
relative permeability is studied based on Corey’s exponent n. Figure 3.15 shows that as n
increases, the gaseous phase relative permeability (krg) and thus its mobility decreases.
When the mobility of the gaseous phase decreases, the leading shock velocity decreases
also (Figure 3.16).
Also as the mobility of the gaseous phase decreases, at a constant injection rate, the
fractional flow of the brine increases. Therefore, in terms of the amount of salt
precipitation similar effects as that of the increased aqueous phase mobility is expected
(Figure 3.16). Comparing Figure 3.16 and Figure 3.13 shows that the amount of
precipitated salt is more sensitive to the mobility of the aqueous phase than the gaseous
phase. Such behaviour is expected as same changes in the relative permeability of the
phases affect the fractional flow curve differently.
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Figure 3.15. Gaseous phase relative permeability versus gaseous phase saturation
for different values of Corey’s exponent, n (based on the relationship given in Table
3.2).

Figure 3.16. Leading shock velocity (solid curve) and solid salt saturation (dashed
curve) versus Corey’s exponent, n.

67
3.8 Effect of volume change upon mixing
Water expands when transferred from aqueous phase into the gaseous phase. The
opposite is true for CO2 when transfers from gaseous phase into the aqueous phase.
Pruess (2009) presented an analytical model to obtain the salt precipitation by neglecting
the volume change upon mixing. Analytical model to obtain the CO2 front based on fg-Sg
curve assuming no volume change upon mixing is presented by Noh et al. (2007). In this
section we present the effect of volume change upon mixing on salt precipitation and the
CO2 encroachment in the aquifer.
The effect of neglecting the volume change upon mixing on the CO2 plume size depends
on the net volume change of the injected CO2 caused by this negligence. The net volume
change of the injected CO2 depends on: condensation level (amount of dissolved CO2 in
aqueous phase and its density), and expansion level (amount of water vaporized into the
gaseous phase and its density). Since the mole fraction of the dissolved CO2 in the
aqueous phase is higher than that of vaporized water in the gaseous phase, it is expected
that the condensation level is generally higher than the expansion level. As a result the
leading shock is generally faster when the volume change is neglected. Figure 3.17 shows
the leading shock velocity when the volume change is neglected minus that when the
volume change is considered under different pressure and temperature conditions. For the
base case the plume size considering and neglecting the volume change upon mixing is
almost the same. The effect is may be significant at lower pressures, e.g. if the base case
is considered at 8 MPa, the plume radius after 10 years considering volume change is
3421 m compared to 3455 m when the volume change is neglected.
Neglecting the volume change upon mixing generally gives faster shocks and therefore,
lower gaseous phase saturations at the shocks. Thus, more brine will be available to be
vaporized when the volume change is neglected. Based on equation 3.5, solid salt
saturation depends also on the aqueous phase density. Considering no volume change
upon mixing reduces the aqueous phase density. The net result will be that neglecting the
volume change will cause the solid salt saturation to decrease. The solid salt saturation
when the volume change is neglected minus that considering the volume change is
illustrated in Figure 3.18.
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Figure 3.17. Leading shock velocity when the volume change is neglected minus that
considering the volume change versus pressure and temperature.

Figure 3.18. Solid salt saturation when the volume change is neglected minus that
considering the volume change versus pressure and temperature.
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3.9 Summary
Figure 3.19 presents the tornado diagram for the effect of different parameters on the
maximum plume radius after 10 years. The results suggest that for the range of
parameters studied, maximum CO2 plume radius in 10 years could vary between 1660
and 3460 m. It is clear that in the range studied, the plume size is most sensitive to the
pressure and aqueous phase relative permeability curve while it is less sensitive to the
salinity and irreducible brine saturation.
A similar diagram for the salt precipitation sensitivity is given in Figure 3.20 which
illustrates that for the range of parameters studied, salt saturation could be as high as 9%.
The results suggest that the salt precipitation is most sensitive to the salinity and aqueous
phase relative permeability curve, whilst it is least sensitive to the pressure and
temperature.

Figure 3.19. Tornado diagram for the maximum plume size in 10 years (red
corresponds to upper level and blue refers to lower level of the parameter)
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Figure 3.20. Tornado diagram for solid salt saturation (red corresponds to upper
level and blue refers to lower level of the parameter)
3.10 Conclusions
The sensitivity of the salt precipitation and CO2 encroachment in the aquifer is studied to
different parameters. It is found that the salinity increase allows more CO2 encroachment
while it is the main driver of the salt precipitation. Increasing the pressure also increases
the salt precipitation, while it affects the plume size more significantly because of
allowing less area to be reached by the CO2 plume. Increasing the temperature expands
the CO2 and leads to larger plume extent. The effect of temperature on the salt
precipitation is minimal and depends on the aquifer pressure.
Increasing relative permeability of the aqueous phase (or decreasing the relative
permeability of the gaseous phase) decreases both the amount of precipitated salt
saturation and the extent of the CO2 plume. However, effects of changes in aqueous
phase relative permeability are more significant.
It is found that the effect of volume change upon mixing on the solid salt saturation is
negligible especially at higher pressures. The maximum plume extent is generally larger
when the volume change upon mixing is neglected. Yet, at higher pressures the
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maximum plume extent neglecting the volume change upon mixing can be almost the
same as that when the volume change is considered.
In summary, our results suggest that for the range of parameters studied, the plume size is
most sensitive to the pressure and the aqueous phase relative permeability. The salt
precipitation is most affected by the brine salinity and aqueous phase relative
permeability.

Nomenclature:
f = fractional flow
h = aquifer thickness, m
k = permeability, Darcy
m = number of moles, kmole
q = volumetric rate, m3/s
r = radius, m
s = salinity, mole fraction
S = saturation
t = time, s
 =porosity, fraction
= visocity, Pa.s
= molar density, kmol/m3
= mole fraction
similarity variable, m2/s

Subscripts:
D = dimensionless
g = gaseous phase
inj = injection
a= aqueous phase
r= relative
w = well
Superscripts:
b = upstream of the leading shock
c = downstream of the trailing shock
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Chapter Four: INTER-AQUIFERS FLOW THROUGH LEAKAGE CONDUITS:
ANALYTICAL SOLUTIONS FOR LEAKAGE RATE AND PRESSURE CHANGE
EVALUATION
Abstract:
Deep saline aquifers provide a significant capacity to accommodate the disposal and/or
storage of unwanted fluids underground for a long period of time. Unlike oil and gas
reservoirs that have often proved to have an almost perfect seal (prohibiting oil and gas
from upward migration over millions of years), saline aquifers may have a leaky caprock. The sealing capacity of the cap-rock must therefore be evaluated to ensure the
integrity and safety of the storage media, so characterization of the cap-rock is required
even before starting the storage/disposal operations. Aqueous fluids can be injected in the
target storage aquifer and the pressure change due to leakage can be monitored in an
upper aquifer separated by a cap-rock for a short period of time. The pressure change at
the monitoring aquifer can be utilized to detect and characterize any leakage pathways in
the cap-rock. To investigate leakage characterization, a single-phase forward solution
which relates the leak properties to the pressure change at the monitoring aquifer is
required. Such an analytical model is presented here. The analytical solution is obtained
in the Laplace domain, making it difficult to apply. Considering late-time approximation
of the functions and using series expansion of the involved terms a real-time asymptotic
solution is obtained. It is found that the leak size and the leak transmissibility (which also
depends on the leak size) affect the monitoring pressure and leakage rate independently.
In departure from previous works on the subject area, the analytical model presented here
accommodates evaluation of the leakage rate and pressure change due to leakage through
large radial leaks.

4.1 Introduction
Underground saline aquifers are widely used for disposal and storage of waste and
unwanted fluids. Due to their vast capacity, deep saline aquifers are now the main
candidate for geological storage of CO2 as a means to cut the anthropogenic CO2
emissions. Unlike oil and gas reservoirs, where holding the hydrocarbons for millions of
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years provides evidence of good isolation capacity by an impermeable cap-rock, such
observations are missing for saline aquifers. Saline aquifers may be overlain by a leaky
seal which might allow migration of the injected fluids to upper aquifers and may lead to
leakage to the surface. To accommodate safe storage/disposal, characterization of the
cap-rock is required by locating and characterizing any leakage pathways. The operator
may then decide to seal the pathways or to inject far away from the leaks. Potential
leakage pathways could include: a) transmissive faults and fractures, b) abandoned wells
(penetrating entire seal or part of it), c) active wells that partially penetrate the seal, d)
and local seal weaknesses.
An example of a local weakness in the cap-rock would be a channel dug through the
shale by gravitationally unstable deposits. This leaves coarse-grained, highly permeable
channels and lobes in the cap-rock through which injected fluid can leak to shallower
formations (Grimstad et al., 2009). Recent time-lapse seismic data of the Sleipner CO2
storage project have shown that there may be such a sand-fill in the intra-reservoir
mudstone. As a result of broken continuity, the mudstone did not significantly impede the
CO2 vertical flow in the Utsira formation. The channel may be of meter-scale diameter
based on the size of the leakage chimney (Chadwick et al., 2005). Also, karstic collapse
due to natural voids or weaknesses in the rock can initiate cap-rock voids (Waltham et al.,
2005). In carbonate environments such as the Wabamun Lake Sequestration Project
(WASP), karsting features as large as 0.2 – 1 km2 may exist in the Calmar cap-rock
(Alshuhail et al., 2009).
Migration through the cap-rock causes a pressure change in the upper aquifers. Such
pressure change is of interest because it can be used to infer the leakage pathway location
and characteristics. Although the analytical model to be developed here is not appropriate
for leakage through faults, analytical models to accommodate pressure change due to
leakage through a fault have been developed and exist in the literature (Yaxley, 1987;
Haneberg, 1995; Shan et al., 1995; Anderson, 2006).
Study of potential leakage of hazardous wastes through abandoned wells into shallow
groundwater aquifers began more than two decades ago (Javandel et al., 1988 and
references therein). Several analytical and semi-analytical models have been developed
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on leakage detection and quantification. Javandel et al. (1988) developed an analytical
model for leakage from a horizontal aquifer to an upper aquifer through an abandoned
well. The upper aquifer is separated from the lower aquifer — in which water is injected
at a constant rate — by an impermeable aquitard. The pressure at the storage aquifer is
monitored through a monitoring well. A method to calculate the amount of leakage from
an abandoned well and the corresponding pressure change at the monitoring well(s) is
obtained. The model considers single-phase flow with constant density. The wells
(injection and leaky) are assumed as line source/sink that fully penetrate the aquifers. The
pressure is assumed to be constant in the upper aquifer. Both the pressure change at the
monitoring well due to leakage and the leakage rate are described by analytical
expressions which involve integrals to be numerically evaluated. Avci (1994) has solved
this problem by eliminating the assumption of constant pressure at the upper aquifer. As a
result, a lower leakage rate was obtained. He also solved the above problem for leakage
through an improperly plugged well which allows communication between aquifers. The
obtained solutions are in Laplace transform domain. The same problem under steadystate conditions has been solved earlier by Silliman and Higgins (1990) for fully
penetrating wells and by Avci (1992) for partially penetrating wells. Considering the
behaviour of the leakage flux (continuously increases, rapidly at the beginning and then
at a monotonically decreasing rate), Nordbotten et al. (2004) approximated the leakage
rate. They obtained a real-time approximation for the leakage rate and related pressure
variations in the involved aquifers.
The analytical model provided by Avci (1994) may not be applicable when the leak is
large in size (e.g. a sand fill in the cap-rock). In this work we develop analytical models
suitable for leakage from local weaknesses in the cap-rock that can provide areally large
leakage pathways. Equations (in Laplace domain) to evaluate the pressure change in the
target (storage) and upper (monitoring) aquifers and the leakage rate will be obtained. A
dimensionless parameter — referred to as the “leakage coefficient” — is identified which
depends on the properties of the leak and of the storage aquifer. The leakage rate is
highly dependent on the leakage coefficient. As it will be discussed, independent effect
of the leak size on pressure change may be negligible at late time period. As a result our
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solution will be identical to the Avci (1994) solution at late time period. We use the latetime approximation of the functions involved in the solution and series expansions to
obtain a real-time asymptotic solution. The exact and asymptotic analytical solutions are
then compared to Avci (1994) and Nordbotten et al. (2004) solutions by applying to
example problems. We show the similarity between the solutions when the leak size is
small. For a large size leak, we demonstrate that there may be significant difference
between our exact solution (which is exact for a finite size leak problem) and the
previous solutions.

Next, the exact analytical solution is utilized to analyze the

interaction between the leak size and leak transmissibility (permeability × cross-sectional
area). The goal is to examine whether the pressure change is independently affected by
the leak size considering fixed leak transmissibility. Findings of this analysis are used to
seek a new asymptotic solution for small leakage coefficient cases.
In Chapters 6 and 7, the analytical solutions obtained herein will be used for leakage
detection and characterization. The analytical model considers single-phase flow through
the aquifers and the leakage pathway. Thus, the model can be used during
injection/disposal if aqueous fluids are to be injected in the target saline aquifer. If the
injected fluids are non-aqueous (e.g. in acid gas disposal and CO2 storage) the model
cannot be directly used. Containment of aquifers for such cases can be tested prior to
disposal operations. Aqueous fluid (e.g. water) can be injected in the target aquifer and
the pressure response can be monitored in the upper zone for a short period of time. For
such practices it is very important to have a reliable model even at early-time period.
It should be noted that geomechanical effects are not included in our analysis. Such
effects can cause uplifting of the cap-rock and even fracturing. This conceivably may also
lead to pressure change in the upper aquifer.

4.2 Physics of leakage problem
The physical configuration and the variables used in the problem formulation are shown
in Figure 4.1. Consider two aquifers: the target storage aquifer to be tested for
appropriateness for storage/disposal (through injection of aqueous fluid), and the upper
monitoring aquifer where pressure is to be monitored. A single-phase 1-D radial flow
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system is considered in the aquifers, which are separated by an impermeable aquitard.
The leakage occurs in the vertical direction through a single leakage pathway of radius rl
and permeability kl. The leakage pathway is at a distance R from the injection well and
distance  from the monitoring well. Knowing that the aquifers are very large, the time to
the end of the infinite-acting flow period is assumed to be very long. However, if the
aquifer is limited by a boundary (e.g., a sealing fault), one can use the image method to
account for the effect of such boundary on the leakage rate using an infinite-acting
solution. The aquifers are also considered isotropic and homogeneous with known and
constant properties (e.g., permeability, porosity, thickness, and compressibility). The
injection fluid is injected at a constant rate q and considered to have identical properties
as the aquifer brine. The aquifers are not in communication with a third aquifer.

Figure 4.1. Schematic view of the aquifer-leak-aquifer system
4.3 Analytical model
To obtain the pressure variation and leakage rate, we decompose the system into four
problems (components) and then combine the results. The starting point is the pressure
variation in the monitoring aquifer in response to an unknown and time-dependent
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leakage rate (ql) which is the solution to the pressure diffusivity equation centered at the
leakage pathway (Problem A). Based on Darcy’s equation, the leakage rate is a function
of the pressure difference between the two aquifers at the location of the leak (Problem
C). To obtain the pressure at the location of the leak in the storage aquifer, the
superposition principle can be used (Problem B). The pressure response to injection can
be obtained by solving the diffusivity equation centered at the injection well under a
constant rate boundary condition (Problem B-1). Pressure response to leakage is obtained
by solving the diffusivity equation considering the leakage path as the center (Problem B2). Superposition of the two solutions evaluated at the location of the monitoring well
provides an equation for the pressure variation at the monitoring well location in the
storage aquifer. Combination of such equation with pressure variation in the monitoring
aquifer gives an equation for the time-varying leakage rate.

4.3.1 Problem A: Pressure change in the monitoring aquifer
The diffusivity equation for the monitoring aquifer is solved for the pressure at the
monitoring aquifer in response to the unknown leakage rate. The equation along with its
boundary and initial conditions centered at the leak is:
(4.1)
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where the usual convention in reservoir engineering literature to take production rates as
positive (and injection rates as negative) is adopted in defining the rates in this work.
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Let’s define the dimensionless variables as follows:
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Re-writing the above PDE along with its boundary and initial conditions in dimensionless
form and solving using Laplace transform, the following is obtained for the
dimensionless pressure in the monitoring aquifer (Van Everdingen and Hurst, 1949):
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We have used a bar sign above variables to designate that the solution is in the Laplace
transform domain; note that s is the Laplace transform variable. The two important
dimensionless groups that appear in the solution are D and TD. While D signifies the
ratio of diffusivities of the monitoring and storage aquifers, TD is similarly the ratio of
transmissivity (permeability × thickness) of the monitoring to the storage aquifers.
Henceforth, the term “diffusivity ratio” will denote D and “transmissivity ratio” will
refer to TD.

4.3.2 Problem B: Pressure change in the storage aquifer
We can use the superposition principle to obtain the pressure at the wellbore of the leaky
pathway in the storage aquifer. Therefore, based on that approach, the total pressure
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response at the leaky pathway equals that caused by leakage plus that caused by the
injection.

4.3.2.1 Problem B-1: Pressure change in the storage aquifer due to injection
To evaluate the effect of the injection well, we write the equations such that the storage
aquifer is centered at the injection well (defined as r’=0 at the injection well) assuming
no leakage. The unknown of the problem is only the pressure. The diffusivity equation
and its boundary and initial conditions are:
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Introducing the dimensionless variables: PsD 
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writing the diffusivity equation along with its initial and boundary conditions, we obtain
the dimensionless pressure in Laplace domain as:
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1

4.3.2.2 Problem B-2: Pressure change in the storage aquifer due to leakage
Now the diffusivity equation is written with the centre at the leakage path in the absence
of any injection. The equation along with its initial and boundary conditions are:
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(note that the minus sign is to make ql negative to be consistent with the earlier
discussion of rate conventions)

Using the same dimensionless variables given above for the storage aquifer, the solution
becomes:
PsD  

qlD K 0 ( srD )
rlD sK1 ( srlD )

(4.20)

4.3.2.3 Superposition of solutions to Problems B-1 and B-2
Having separately obtained the effects of leakage and injection, one can combine those
results to obtain the pressure change due to both leakage and injection. Since we are
interested in the pressure change at the location of the leak, evaluation of the above
solutions at the leak is required. The effect of injection on the pressure at the leak is
obtained by evaluating equation (4.15) at r’D=RD:

PsD ( RD , s) 

K0
s

3

2




K  s
s RD

(4.21)

1

The effect of leakage on the pressure can be obtained by evaluating equation (4.20) at
rD=rlD:
PsD (rD  rlD , s )  

qlD K 0 ( srlD )
rlD sK1 ( srlD )

Therefore, the pressure change at the leaky pathway in the storage aquifer is:

(4.22)
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sK1 ( srlD )

(4.23)

Similarly, the overall pressure change at the wellbore of the injection well is:

 s  q
K  s r

K0

PsD ( rD  1, s) 
s

3

2

lD

lD

1

K 0 ( sRD )
sK1 ( srlD )

(4.24)

The monitoring well may also be perforated in the storage aquifer. Let L be the distance
between the injection and monitoring wells. The pressure change at the storage aquifer at
distance L from the injection well and distance  from the leak can be obtained by:
PsD 

K0
s

3

2



 q
K  s r
sLD

1

lD

lD

K0 ( s  D )
sK1 ( srlD )

(4.25)

where LD=L/rw.

4.3.3 Problem C: Rate of leakage
Based on Darcy’s equation, the rate of leakage is given by:

ql 

kl Al Pm (rl , t )  Ps (rl , t )  Dghl
B
hl

(4.26)

Re-writing in dimensionless form based on dimensionless variables defined above gives:


2 ks hs  Dgh   Psi  Pmi   
qlD    PsD  PmD 



q

B

 rD rlD

(4.27)

rl 2kl
where  
2ks hs hl

(4.28)

It should be noted that qlD is always positive as ql and q are always of the same sign (note
again the convention that rates are negative for injection and positive for production). The
last dimensionless term in the parentheses is a measure of the initial hydrostatic pressure
difference between the aquifers. If the aquifers are initially at hydrostatic equilibrium,
this term equals zero. If there were a leak over a long period of time, one can assume that
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the two aquifers have achieved hydraulic equilibrium, at least in the vicinity of the leak,
hence:

qlD    PsD  PmD  r

D  rlD

(4.29)

The main properties that affect the leakage rate are given by the definition of
dimensionless parameter  which we designate the “leakage coefficient.” Leakage
pathway permeability (kl) and radius (rl) increase , while  decreases with the leakage
interval height (hl), the storage aquifer permeability (ks), and its thickness (hs). Examining
equation (4.29), it may be inferred that the leakage rate doubles as the parameter  is
doubled. However, this is generally not the case, as the parameters that affect  also
affect the pressure variations in the storage and monitoring aquifers (PsD and PmD,
respectively). As such, varying  causes variations in PsD and PmD which in turn affect
the leakage rate. However, it can be shown that doubling  almost doubles the leakage
rate when  is very small.
Equation (4.29) is required in Laplace domain to enable using it along with the equations
obtained for the storage and monitoring aquifers. The following is obtained after Laplace
transform of equation (4.29):

qlD    PsD ( rlD , s )  PmD ( rlD , s ) 

(4.30)

4.3.4 Combination
The equations obtained for the pressure variations at the leakage location in the storage
and monitoring aquifers (equations (4.23) and (4.9), respectively) are combined with
equation (4.29) which was obtained for the leakage rate. Combining these equations and
solving for the leakage rate gives:
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(4.31)

Equation (4.31) along with equation (4.9) (evaluated at the monitoring well location)
provide the pressure variation in the monitoring aquifer at dimensionless distance D (=

/rw) from the leakage locations.
4.3.5 Summary of the exact analytical solution
In summary, the pressure at the monitoring well can be given by replacement of rD by the
monitoring well location (D) in equation (4.9):

 s

qlD ( s) K0 
 D 
 D 
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 s 
s
TD rlD
K1 
r 
 D   D lD 

(4.32)

where:
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(4.33)
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The dimensionless pressure at the location of the leak in the storage aquifer is given by
equation (4.23). The pressure change at the location of the monitoring well in the storage
aquifer is given by:
PsD 

K0
s

3

2



 q
K  s r
sLD

lD

lD

1

K0 ( s  D )
sK1 ( srlD )

(4.34)

Attempts to analytically invert the above solutions into the time domain were not
successful. Nevertheless, these expressions can be numerically inverted using the method
developed by Stehfest (1970).

Late time approximation of the above solution is possible considering the following
property of first order modified Bessel functions of the second kind:





K1 a s 

1
a s

when s is small, or time is large

(4.35)

Applying this property, equations (4.32) and (4.33) reduce to the following, respectively:
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qlD ( s)  s
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TD
 D 
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s  K0
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(4.36)

sRD



 s
 1
1
K 0 
rlD   

TD
 D   

It appears that, considering  

(4.37)

hl 
, the above equations will be reduced to those
 rl2 kl  g

presented by Avci (1994). These equations may be particularly valid for small leaks such
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as at abandoned wells. Avci’s solution at the leakage pathway is based on the line source
approximation leading to exponential integral (referred to as Theis (1935)) solution for
the pressure change in the storage and monitoring aquifers. The K0 function appears as a
consequence of taking the exponential integral (Ei) to Laplace domain (see Equations
4.36 and 4.37). The solution presented in this paper considers finite-size leak in
calculation of the pressure response to leakage at the aquifers. Thus, the pressure change
terms in Laplace domain will include both K0 and K1 functions (see Equations 4.32 and
4.33).
It has been shown that the Ei solution is a good approximation when the wellbore (leak in
current problem) is small. For large wellbore (leak) size, a linear flow regime develops
that the Ei solution does not exhibit (van Everdingen and Hurst, 1949). As a result, for a
large size leak the rate of leakage obtained from Avci’s solution (which uses the Ei
function) will be different from ours.

4.4 Asymptotic solution
A late-time asymptotic solution for pressure change at the monitoring well and
corresponding leakage rate are obtained as follows (the detailed derivation is given in
Appendix 4A). Using Bessel functions’ properties, we simplify equations (4.32) and
(4.33). We then use the approximate inversion (based on truncated series expansion) of
some of the terms that appear in the simplified solution to obtain the following real-time
approximate solutions for pressure change at the monitoring well, pressure change at the
monitoring well location in the storage aquifer, and the leakage rate, respectively:

 D2
1   1  RD2   qlD 
PmD 
   ln

   ln 
1  TD   2 2  4t D   2TD 
 D
  1  L2
PsD     ln  D
 2 2  4tD
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(4.40)
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and(3) =1.2020569032 is the Riemann Zeta function.
Equation (4.38) gives the dimensionless pressure at the monitoring well, where
measurement will be made. A number of observations can be made:

  1  R2
(i) The term    ln   D
 2 2  4tD


  on the right hand side (RHS) of equation 4.38 is


1  RD2 
the late-time approximation of
Ei  
 , which represents the pressure change due
2  4t D 

to injection in the storage aquifer at the leak. The two terms on the RHS of equation 4.38
are very close in magnitude and are of opposite sign. We have found that the use of the
ln-form of the solution (as in equation (4.38)) leads to a smooth and monotonic behaviour
of equation 4.38 at early times.
(ii) In the limit as tD∞, equation (4.41) approaches zero, meaning that a steady-state
leakage rate can be obtained and which equals TD/(TD+1). Therefore, if the transmissivity
ratio is very large, the steady-state leakage rate approaches the injection rate (qlD≈1).
When TD is small, qlD≈TD; i.e., the ratio of the steady-state leakage rate to injection rate is
equal to the ratio of transmissivity (permeability × thickness) values.
(iii) For large values of  equation (4.42) becomes independent of , suggesting that
the pressure and leakage rate become independent of  when  is large.
The late time approximations and associated truncation of a series expansion may lead to
inaccurate and non-physical results at early time period. It will be shown that for large
time values the solution is in close agreement with the exact model.
Nordbotten et al. (2004) derived approximate solutions for leakage through abandoned
wells (small size leak) without the use of the Laplace inversion. Their equations
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considering the configuration given in Figure 4.1 and the dimensionless terms presented
here are:
PmD 


 qlD (t D ) 
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Applying to an example case Nordbotten et al. (2004) show that their solution is in close
agreement with Avci (1994) solution at late time period. When applied to a large size
leak problem both Avci and Nordbotten et al.’s solutions may deviate from the exact
solution. This will be shown through application to an example problem.

4.5 Asymptotic solution to the problem considering constant pressure at the
monitoring aquifer
Javandel et al. (1988) developed an analytical solution to leakage through an abandoned
well considering a constant pressure in the upper aquifer. Using the complex inversion
integral, they arrived at a solution that involves Bessel functions of the first and second
kinds. The solution is in an “improper integral form” to be numerically evaluated. The
real-time solution developed in this work can be used to derive a late-time solution for
the leakage rate considering a constant pressure in the upper aquifer. For such a case
TD∞ which leads to:

1
R
qlD  1  2C  t D    ln  D

 rlD



 


(4.46)

with  simplified to:
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 ln rlD2


 

(4.47)
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Then, the pressure change at the location of the monitoring well in the storage aquifer is:
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which can also be written as:
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The first term in the above equation is the pressure rise at the location of the monitoring
well in the storage aquifer due to injection. Therefore, the pressure change due to leakage
  1  R 2
at the location of the monitoring well is given by:   Ei   D
 2  4t D


1
 D

   qlD   ln 

 rlD



   .


The equations above represent a simplified form of the solutions derived by Javandel et
al. (1988), which allow evaluation of the leakage rate and pressure change without the
need for numerical integration.

4.6 Example calculations
To demonstrate the behaviour and potential application of the exact and asymptotic
solutions derived here we apply them to two example problems. For the first example the
solutions are applied to a problem considering a small size leak. For the second example
a large size leak is considered while the leak transmissibility is kept identical to the first
example. The geometrical and fluid properties are considered the same for these two
examples.

4.6.1 Example 1
For this example the analytical solutions are applied to an example problem for which the
leakage rates, the pressure change at the monitoring well, and that in the storage aquifer
are compared. The domain geometry and fluid properties of Example 1 are given in Table
4.1. The corresponding dimensionless groups appearing in dimensionless solution are
given in Table 4.2. For this example problem, water is injected at a constant rate of 864
m3/day in a 30 m thick storage aquifer. The 10 m thick upper aquifer is separated from
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the storage aquifer by a 4 m thick cap-rock. The permeabilities of the storage and
monitoring aquifers are 5 and 0.2 Darcy, respectively. Centre of the leakage pathway is
20 m from the injection well and 20 m from the monitoring well. The permeability of the
leak is 2.5×103 Darcy, and its radius is taken to be 0.2 m. This permeability corresponds
to an opening of approximately 170 m in the abandoned well.
Table 4.1. Descriptions of the example problems 1 and 2 (empty cells mean same
properties as left column)
Parameter
kl, leak permeability (m2)
rl, leak radius (m)
R, leak-injector distance (m)

, leak-monitoring distance (m)
hl, leakage interval (m)
, brine viscosity (Pa.s)
monitoring aquifer compressibility (1/Pa)
monitoring aquifer porosity (fraction)
km, monitoring aquifer permeability (m2)
hm, monitoring aquifer thickness (m)
Storage aquifer compressibility (1/Pa)
Storage aquifer porosity (fraction)
ks, Storage aquifer permeability (m2)
hs, Storage aquifer thickness (m)
q, injection rate into the storage aquifer (m3/s)
rw, injection well radius (m)
B, water formation volume factor (Rm3/stm3)

Example 1
2.5× 10-9
0.2
20
20
24
0.5 × 10-3
1 × 10-9
0.1
2 × 10-13
10
1 × 10-9
0.1
5× 10-12
30
0.01
0.1
1

Example 2
1× 10-12
10

Table 4.2. Dimensionless groups describing the example problems 1 and 2 (empty
cells mean same properties as left column)
Group

rlD
RD
D
TD

D

Example 1
0.0139
2
200
200
0.013
0.04

Example 2
100
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The exact and asymptotic solutions derived here are compared to Avci (1994) and
Nordbotten et al. (2004) solutions in figures 4.2, 4.3, and 4.4. The pressure is monitored
for 100 days (2400 hours). The leakage rate over the first 100 days reaches around 1
percent of the injection rate. The pressure in the monitoring aquifer increases by 21 kPa
in response to leakage. The exact solution provides identical results as Avci solution even
at early time period. A very good match between the exact and asymptotic solutions is
observed at late time period. Negative (and non-physical) values are obtained for the
pressure change using the asymptotic solution at very early times. Nordbotten et al.’s
solution also matches the results of the exact solution closely. However, small difference
is observed between the leakage rate predicted by the exact model and that obtained by
Nordbotten et al.’s model at early time period.

Figure 4.2. Leakage rate versus time for Example 1
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Figure 4.3. Pressure change at the monitoring well versus time for Example 1

Figure 4.4. Pressure change at the monitoring well location in the storage aquifer
versus time for Example 1
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4.6.2 Example 2
As we shall see, varying the leak size while keeping the leak transmissibility
(permeability × area) fixed does not affect the pressure behaviour for a small leak
problem. However, for a large leak, the effect of leak size is independent of
transmissibility. To validate the solution for large leaks, the leak radius of Example 1 is
changed to 10 m while the permeability is reduced to 1 Darcy to ensure constant leak
transmissibility (kl × rl2 = 10-10 m4). For this example, the results of the analytical
solutions are compared in figures 4.5, 4.6, and 4.7. After 100 days, the pressure in the
monitoring well in the upper aquifer increases by around 32 kPa due to leakage rates as
large as 1.3 percent of the injection rate. A perfect match between the pressure changes
obtained from different solutions is observed at late time period. The leakage rate given
by Nordbotten et al. solution deviates from the exact solution even at late-time period.
Except for the leakage rate, Avci solution perfectly matches the exact solutions at early
time period.

Figure 4.5. Leakage rate versus time for Example 2
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Figure 4.6. Pressure change at the monitoring well versus time for Example 2

Figure 4.7. Pressure change at the monitoring well location in the storage aquifer
versus time for Example 2
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It is expected that Avci solution matches the exact solution at late time period as it has
been shown that the exact solution can be reduced to Avci solution considering late-time
approximation. However, for this example, the exact and Avci solutions result in almost
identical pressure variations even at early time. In the following we illustrate how the
exact and Avci solutions depart at early time as a result of decreasing the ratio of the
monitoring aquifer diffusivity to that of the large aquifer (D). The monitoring aquifer
diffusivity coefficient (m) is varied from 4 m2/s to 0.004 m2/s while other properties
(including monitoring aquifer transmissivity) are kept constant. The exact and Avci
solutions over the first 10 days are compared in figures 4.8, 4.9, and 4.10. Avci solution’s
error is increased with decreasing m. The most significant error is observed for the
leakage rate while the least is observed for pressure change at the storage aquifer. The
leakage rate is overestimated while the pressure changes at the aquifers are
underestimated by Avci solution.

Figure 4.8. Leakage rate versus time for Example 2 considering different diffusivity
coefficients for the monitoring aquifer
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Figure 4.9. Pressure change at the monitoring well versus time for Example 2
considering different diffusivity coefficients for the monitoring aquifer

Figure 4.10. Pressure change at the monitoring well location in the storage aquifer
versus time for Example 2 considering different diffusivity coefficients for the
monitoring aquifer
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In Chapter 6, the parameterization of the leakage problem will be discussed, the goal of
which will be to find those parameters that predominantly characterize the leak. One
important question toward parameterization is the way in which the leak size affects the
pressure response in the monitoring well. In particular, we want to know how the leakage
is affected due to varying the leak size while the leak transmissibility (kl.Al) is fixed.
Answering this question determines whether it is necessary to find both the leak size and
leak transmissibility for characterizing the leak.

4.7 Is the monitoring pressure the same for same leak transmissibility?
Intuitively, one would think that leakage rate and monitoring pressure should be a
function of leak transmissibility. However, close examination of equations (4.32) and
(4.38) in dimensional form suggests that leak size and leak transmissibility affect
monitoring pressure independently. Therefore, varying the leak size while leak
transmissibility is constant appears to cause variations in monitoring pressure. In the
following, we further investigate the interplay between leak size and leak transmissibility
along with their effect on monitoring pressure.

The effect of leak size and leak transmissibility on monitoring pressure will be examined
for the example problem 1. The leak size and permeability are varied over the ranges
given in Table 4.3. The monitoring pressure at the end time (100 days) is plotted versus
leak transmissibility for different leak radii in Figure 4.11. Based on this figure, for small
transmissibilities, the pressure response is identical for different leak sizes. However, for
large transmissibility values, the pressure will be independently affected by leak size. It is
not obvious from this figure over what ranges of parameters the dependency of
monitoring pressure to leak transmissibility changes to its dependency on the leak size
and leak permeability separately. However, this can be explored based on the analytical
solution.
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Figure 4.11. Monitoring pressure versus leak transmissibility for different values of
leak radius, showing that leak size affects the pressure independently when the leak
transmissibility is large.
Based on equation (4.38), the pressure at the monitoring aquifer is affected by leak size
(represented by rlD in dimensionless form) and leak transmissibility (represented by  in
dimensionless form) through the variable  (given by equation (4.42)). Examining
equation (4.42) shows that the independent effect of rlD on the monitoring pressure will
be negligible if the following is valid:

 T 11
2TD
 D
 ln  D 2
 TD  1
 rlD








(4.50)

Because of the logarithm function, the right hand side of the above equation varies over a
small range of values. Conversely, the left hand side (LHS) can change over a wide range
of values, so the above inequality is mainly controlled by the LHS. However, the LHS
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depends not only on  but also on TD. Therefore, there is a range of  and TD where the
monitoring pressure is a function of  only. Beyond this range, the pressure will be a
function of both  and rlD.

The above criterion is illustrated by applying to Example 1. The monitoring pressure at
the end time (100 days) is plotted versus parameters  and TD for various values of rlD in
Figure 4.12. The parameters , TD, and rlD are varied over the ranges given in Tables 4.4
based on varying the dimensional parameters involved over the ranges given in Table 4.3.
Note that the lower and upper limits for the dimensionless parameters represent very
extreme cases where all related properties are minimizing/maximizing the dimensionless
parameters. Based on Figure 4.12, it is clearly apparent that pressure is independent of rlD
for small  and/or large TD. In the left side of Figure 4.12, the pressure is a function of
both  and rlD.
Table 4.3. Lower and upper limits for sensitivity analysis of Example 1
Parameter
kl, leak permeability (m2)
rl, leak radius (m)
hl, leakage interval (m)
km, monitoring aquifer permeability (m2)
hm, monitoring aquifer thickness (m)
ks, Storage aquifer permeability (m2)
hs, Storage aquifer thickness (m)

Lower
1 x 10-15
0.1
12
1 x 10-15
2
1 x 10-14
5

Upper
1 x 10-8
20
170
2.5 x 10-12
80
1 x 10-11
100

Table 4.4. Dimensionless groups describing the lower and upper limits for sensitivity
analysis of Example 1
Group

TD

Lower limit Upper limit
2.94 × 10-11 3.33 × 106
2 × 10-6

4000

rlD

1

200

100

Figure 4.12. Dimensionless pressure versus leakage coefficient () and
transmissivity ratio (TD) for different values of rlD, demonstrating that leak size
affects pressure independent of parameter  when  is large and TD is small.
The effect of leak transmissibility may be explained based on the involved flow regimes.
As the leak becomes larger in size, the flow in the vicinity of the leak tends to be more
linear in character than radial. Such change in flow regimes causes the pressure response
to be different for two equally transmissible leaks that have different sizes (such
difference also leads to different leakage rates). For the same leak transmissibility, the
pressure change is greater for a larger size leak.
Decreasing the aquifers’ transmissivity ratio (TD) can amplify the effect of the change in
flow regimes on the pressure. Smaller TD implies smaller transmissivity of the monitoring
aquifer compared to the storage aquifer. The effect of leak size will be more pronounced
in such a case in spite of smaller leakage rate.

Motivated by the findings above, we attempt to find a solution considering small leakage
coefficient where effect of leak size is negligible. Obtaining such solution may aid in
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decomposing the effect of different leakage parameters. In the following such solution is
obtained.

4.8 Small leakage coefficient asymptotic solution
Considering small leakage coefficient, the asymptotic solution for pressure change at the
monitoring well and the leakage rate are obtained the detailed derivation of which is
given in Appendix 4B. Assuming TD>> and using the series expansion of 1/(1-x) and
properties of Bessel functions the following equations are obtained for late-time period:
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and:
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Note that the line-source solution of the diffusivity equation to predict the pressure
variation at the leak location in absence of leakage in the storage aquifer is:

1  R2 
PsD   Ei   D 
2  4t D 

(4.53)

The bulk of the pressure change in a radial flow system occurs in the vicinity of the
wellbore. Consequently the largest leakage occurs due to leakage pathways close to the
wellbore. While this was expected as the driving force of the leakage is the pressure
difference between the storage and monitoring aquifers, the interesting feature in
Equation (4.52) is that the dimensionless leakage rate is proportional to the dimensionless
pressure change at the storage aquifer, and independent of the pressure in the monitoring
aquifer. This is because, at small values of the leakage coefficient , the pressure change
in the monitoring aquifer is not large enough to affect the rate of leakage. Equation
(4.52) also shows that the proportionality constant is the leakage coeficient .
Dealing with late-time solution we can re-write Equation (4.51) as:
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Since the above is given for the late time solution the term –2/6 can be negligible and we
can write:
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(4.55)

Based on this equation the dimensionless pressure in the monitoring aquifer is

 1 
 D2
proportional to /TD. The term   Ei  
 2  4 D t D


  gives the pressure change in the


monitoring aquifer at distance  from a well injecting at constant rate q. The latter
exponential integral gives the pressure change in the storage aquifer at distance R from
the injection well.
Equation (4.55) can be obtained considering the slowly changing leakage rate (Equation
(4.52)) as constant. This allows taking the time varying leakage rate term out of the
superposition (Duhamel) integral resulting in Equation (4.55).
Equation (4.51) is interesting since it decomposes the effects of the leak characteristics
(leak location, and transmissibility) of the aquifers on the pressure at the monitoring well.
Taking the derivative of this equation w.r.t. dimensionless time (for brevity referred to as
derivative) we get:
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As a result semi-log plot of the derivative verus dimensionless time for a small leak will
result in a straigh line at late-time period. For given aquifer properties, the slope (m) and
intercept (b) of the resulting line can provide an estimation of the leak parameters:

  2mTD

(4.57)
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b
m

(4.58)
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Note that the intercept (b) is obtained by extension of the line fitted late-time period data
to tD=1.

4.9 Conclusions
An analytical model is presented to estimate the leakage rate and pressure change due to
leakage at the storage and monitoring aquifers. The model is obtained by solving the flow
equations in the monitoring and storage aquifers which are coupled by the flow rate at the
leak. The principle of superposition is used to obtain the pressure change at the location
of the leak in the storage aquifer. The exact analytical solution is obtained in Laplace
domain. The real-time asymptotic solution is obtained through approximation of the
functions involved at the late-time period. The solutions are compared against the
analytical solutions given by Avci (1994) and Nordbotten et al. (2004) for example
problems. Application to a small size leak example shows a close agreement between all
four analytical solutions. For the large leak example the solutions depart especially at
early time period. The leakage rate predicted by Nordbotten’s solution deviates from the
exact solution even at late time period. Good agreement between late time behaviour of
the pressure response is observed between different analytical solutions.

The effect of leak size versus leak transmissibility on monitoring pressure is evaluated.
The exact analytical solution is used to find the conditions where the leak size affects the
monitoring pressure independently. It is found that the dependency to the leak size
mainly changes with the leak transmissibility and transmissivity ratio. Also, once the leak
size affects the solution independently, increasing the leak size (while leak
transmissibility is fixed) causes the pressure change in the monitoring well to increase. It
is found that the effect of leak size may be negligible considering small leakage
coefficient. Encouraged by this finding, an asymptotic solution which is independent of
leak size is obtained for small leakage coefficient cases.
In Chapters 6 and 7, the analytical solutions developed here will be used to infer the leak
location and properties based on pressure data measured at a monitoring well.
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Nomenclature:
A
B
D
Ei
e
h
g
K0
K1
k
L
P
q
R
r
s
T
t




L




cross sectional area, m2
water formation volume factor, vol. @ Res. cond./ vol. @ St. cond.
brine density, kg/m3
Exponential integral
exponential
thickness, m
gravity=9.8 m2/s
Zero order modified Bessel function of the second kind
First order modified Bessel function of the second kind
permeability, m2
monitor-injector distance, m
pressure, Pa
volumetric flow rate, m3/s
leak-injector distance, m
radius, m
Laplace transform dummy variable
transmissivity=permeability × thickness, m3
time, s
leakage coefficient
difference from the initial value
Euler constant = 0.5772 …
aquifer diffusivity coefficient =
permeability / (porosity × fluid viscosity × total compressibility) , m2/s
Laplace transform
viscosity, Pa.s
leak-monitor distance, m
Riemann Zeta function, 1.2020 ...

Subscripts:
D
i
l
m
s
w

dimensionless
initial
leakage
monitoring aquifer
storage aquifer
well

Superscripts:
-1
prime: ‘

inverse
shows the radius originated at the injection well
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Appendix 4A: Derivation of Asymptotic Solution
For late time period: s0 and we can make the following approximations:

K0  x     ln( x / 2)

K1  x  1/ x

(A1)

Based on which, equation (4.33) simplifies to:
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Further rearrangement to make the Laplace variable only appear in the denominator we
get:
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or:
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The inverse of equation (A4) is:
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The last term in the RHS of the above equation should be evaluated in the real-time
domain. Yeh and Wang (2007) present a late-time approximation of the Laplace inverse
of 1/(s ln (s/)) in calculating wellbore flux for the constant pressure well test problem.
The inverse is based on truncating four terms of the series expansion provided by Ritchie
and Sakakura (1956) for the Laplace inverse of 1/(s ln (s/ )). Based on Yeh and Wang
(2007), the following is obtained for the last term in the RHS of equation (A5) above:
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where (3) =1.2020569032 is the Riemann Zeta function.

Using equation (4.32) along with equations (A1) and (A4) we obtain:

PmD
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This can also be written as:
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The pressure change at the location of the monitoring well in the storage aquifer (in
Laplace domain) is given by:
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(A9)

Using the late-time approximation of the relevant Bessel functions, this reduces to:
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From which we obtain:
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or:
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which can also be written as:
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Appendix 4B. Derivation of asymptotic solution for small leakage coefficient cases
In the following we obtain an asymptotic solution considering small . The solution is
obtained at large times. When time (and thus t D) is large, s is small. From the properties
of modified Bessel function of the second kind we have:

 s   [  ln(
K  s   1/ s
K0

s / 2)]

(B1)
(B2)

1

Replacement of the above approximations in Equation (4.33) gives:
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Expansion of the logarithmic terms gives:
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This can be written as:
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Logarithms of the distance RD and the leak radius rlD are negligible compared to 1/:
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Dealing with very small values of , we can approximate the second part of the above
equation. Consider the term in the denominator of the second part:
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Unless TD is very small the above is close to unity. Therefore:
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due to small  value. For such a situation the following series expansion applies:
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Neglecting the term with 2 coefficient the above can be further simplified to:
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Inversion of Equation B10 to time domain gives:
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Due to negligibility of the term with 2 coefficient and also the difficulty in Laplace
inversion of the pressure (when the second term is included) we can make the following
approximation:
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The late time solution for the pressure can be obtained using the approximations of
modified Bessel functions to be used along with Equation (4.32) which leads to:
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Using Equation B13 we get:
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To get a real time solution we ignore the term with the coefficient 2:
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The Laplace inversion gives:
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One may also be interested in the pressure change caused by the leakage in the target
aquifer. The pressure of the storage aquifer at the mentoring well location is:
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Using the properties of the modified Bessel functions the late time approximation of
Equation B18 is:
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Laplace inversion of the above gives the following for the dimensionless pressure at the
location of the monitoring well in the storage aquifer:
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Chapter Five: INVERSE THEORY AND OPTIMIZATION
5.1 Introduction
Given a complete description of the aquifers and the leak, the pressure response due to
leakage can be predicted based on the analytical solution given in Chapter 4. This
corresponds to solving the ‘forward modeling problem’. The reciprocal situation, using
the pressure measurements to infer the values of the leakage parameters, corresponds to
the ‘inverse modeling problem’. We refer to this problem as the leakage inverse problem
the solution of which is sought in chapters 6 and 7. In this chapter we discuss the methods
that are widely used for studying the inverse problems that can be applied to the leakage
inverse problem.
In the following we start with the optimization methods that can be generally used for
minimization or maximization purposes. The optimization techniques will be used to
obtain the parameters that maximize the likelihood of the measured monitoring pressures
with those calculated using the parameters. It has been shown that maximizing the
agreement of the measured and calculated data is possible by minimizing the chi-square
function if the data errors are independent and normally distributed (Press et al., 1989):
I

 Y  P ( x) 
f ( x)      i i

i
i 1 


2

2

Where:

(5.1)

x= set of parameters vector
Pi ( x )  P ( x , ti )  estimated pressure at time t i
Yi  Y (ti )  measured pressure at time t i

i= standard error of ith pressure measurement
I= total number of measurements

However, except for extreme cases (e.g. Rician distribution) the chi-square is used as the
merit function even when the data are not normally distributed. When the standard error
is equal for all the measurements, minimization of the chi-square is equivalent to
minimization of the conventional least-square:
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I

f ( x )   Yi  Pi ( x ) 

2

(5.2)

i 1

Therefore the best-fit parameters can be obtained using the least-square as objective
function unless the measurement errors are different for different measurements. In this
note we use bold font for vectors and brackets to show a matrix.
A solution obtained by minimizing the objective function is not necessarily the true
solution. The minimizing parameters are the true solution if the problem is well-posed
(stable). As opposed to well-posed forward problems the inverse problems are generally
not well-posed. As such one should be concerned with far more than simply finding the
minimizing parameters.
Generally there are three main issues when solving an inverse problem: solution
existence, solution uniqueness and stability of the solution process.
1. Existence: There may be no set of parameters that reproduces the data. This can
happen because the measurement error of the data is large or because the forward
problem does not resemble the physics.
2. Uniqueness: A solution that exactly fits exact (noise-free) data may exist. However
that solution may not be unique. There may be many solutions that exactly fit the exact
data. Consider the linear inverse problem: [G]*m=d where [G] is an M*N matrix which
maps m (an N parameters vector) into d (an M data points vector). The null space of [G],
written N([G]), is the set of all vectors m such that [G]*m = 0. When null space of [G] is
non-trivial there are vector(s) m other than the trivial solution (zero vector) that makes
[G]*m=0. In such a case it is easy to see that any linear combination of the true
parameters with the vectors in null space of [G] is still the solution of the inverse
problem. As such the inverse problem will have infinite number of solutions.
3. Stability: Usually, the process of solving an inverse problem is very unstable such that
very small change in the measurement can lead to enormous change in the estimated
model. The inversion process is commonly stabilized by imposing addition constraints.
This process is referred to as regularization. Inverse problems where the instability occurs
are referred to as ill-posed or ill-conditioned problems.
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5.2 A classical example
In the following we present a classical example of an ill-posed problem to examine the
issues of existence, uniqueness and stability. Consider a Fredholm integral equation of
the first kind (Groetsch, 1993; Aster et al., 2005) where m(x) is the unknown model:
1

 g (s, x)m( x)dx  y( s)

(5.3)

0

1. Existence: If g(s,x)=1 we get:
1

 m( x)dx  y( s)

(5.4)

0

The solution of which does not exist unless y(s) is constant. As such there are infinite
mathematically acceptable y(s) for which no solution exists.
2. Uniqueness: while the solution is non-unique when g(s,x)=1, a more interesting
illustration is obtained considering g(s,x)=s.sin(x):
1

 s sin(x)m( x)dx  y( s)

(5.5)

0

The function sin(kx) has the orthogonality property:
1

 sin( kx) sin( lx)dx  0

k l

if

(5.6)

0

Where k and l are integers. If m(x) is a solution to Equation (5.5), any new model mnew=


m(x)+m0(x) where: m0 ( x )    k sin( kx) fits the data equally well, because:
k 2

1

1

1

1




 k sin( kx ) dx   s sin(x) m( x)dx  0   s sin(x) m( x)dx
0 s sin(x)m( x)  m0 ( x)dx  0 s sin(x) m( x)  
k 2

0
0

(5.7)
Therefore there are infinite number of solutions that fit the data equally well.
3. Stability: It is shown that for Fredholm integral Equation of the first kind the following
applies as long as g(s,x) is square integrable:
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1

lim  g (s, x) sin( kx)dx  0

(5.8)

k  0

Therefore for large k, a considerable perturbation of the form sin(kx) to the parameter
m(x) corresponds to a small perturbation of the effect y(s). In other words, very small
changes in the right hand side y(s) can be accounted for by large changes in the solution
m(x).
Based on the above issues that may rise in the process of solving inverse problems, the
concern should be far more than simply estimating the parameters (and their physical
viability) using optimisation techniques. One should be especially concerned with the
uniqueness and stability of the solution. After presentation of the optimisation methods
below, characteristics of the error inherent in the pressure data is discussed due to its
instability implications. Next different tools on the stability of the solution are presented.
The inverse problem can be stabilized using regularization or approximation as a wellposed problem. The solution process will be stable at the cost of biasness and reducing
the data fit. We investigate Truncated Singular values decomposition (TSVD) and
Tikhonov regularization techniques for stabilization of the inverse problem. Finally,
stochastic and deterministic approaches to find the parameters’ error in response to
measurement error are presented. The uniqueness of the solution to the leakage problem
will be discussed in the next chapter.

5.3 Methods of parameter estimation
In the following we present some of widely used methods of optimization in shortest
possible form. Several deterministic (gradient-based) and one stochastic (evolutionary)
technique are presented along with their implementation steps. At the end a useful hybrid
technique is introduced that combine the deterministic and stochastic methods.
5.3.1 Deterministic methods
The deterministic methods make use of the gradient of objective function to be
minimized. Thus, such methods can converge to the minimum very fast but may get
trapped at a local minimum. As such these methods should be initialized with different
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parameters to ensure obtaining the global minimum. If the objective function is convex
the global and local minimum are the same and deterministic methods should be
sufficient for finding the optimum parameters.

5.3.1.1 Steepest Descent Method
Consider a function f(x) where x is a vector of parameters. There might be infinite
directions which one can take toward the minimum starting at point (x0). There is a
direction in which the function f has the maximum rate of increase. This direction is
given by the gradient vector f. In general, the iterative procedure of steepest descent
method to minimize a function f can be written as:
(5.9)

x k 1  x k  0 .f ( x )
In this work the function f to be minimized is the ordinary least square function:
I

f ( x )   2   Yi  Pi ( x ) 

2

(5.10)

i 1

Where:

Pi ( x )  P ( x , ti )  estimated pressure at time ti
Yi ( x )  Y (ti )  measured pressure at time ti

I= total number of measurements
The equation above can be written in matrix form as:
T

(5.11)

f ( x )  Y  P ( x )  Y  P ( x ) 
T


Where: Y  P ( x )   Y1  P1 ( x ) Y2  P2 ( x ).....YI  PI ( x ) 

Then:
 P T ( x ) 
f ( x )  2 
 Y  P ( x ) 
 x 
 P T ( x )  

where:  x   x  P1



P2

(5.12)

... PI 


The Jacobian matrix is defined as:
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Therefore, the iterative equation for steepest descent method becomes:



x k 1  x k   .[ J ( x k )]T Y  P ( x k )



(5.14)

Or more conveniently:
(5.15)

x k 1  x k   .d k

Where d is the descent direction and  is an arbitrary positive real number.
Considering a constant step size may cause movement along the steepest direction more
or less than needed. To avoid overshooting/undershooting one should find the optimal
step size for which the function gets its minimum along current direction. The optimum
step size (k) is given by:
T
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Proof:
The goal is to find k such that the objective function is minimum at the next step (k+1).
In other words, we want to find  such that f(xk+1) is minimum.
The function f can be nonlinear due to nonlinear dependency of pressure to the
parameters. Therefore, linearization of the pressure is required. Using Taylor’s series, for
the pressure Pi at time ti we get:
T

Pi ( x

k 1



k

k

)  Pi x   .d
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 P 
  .  ik  d k
 x 
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Where for a single leakage pathway problem:

(5.17)
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Replacement of the equation above in Equation (5.10) gives Equation (5.19):
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The derivative of the above equation should be set equal to zero to obtain the step size 
with which we get the minimum f:
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(5.21)

(5.22)

2

(5.23)

 

Yi  Pi x k

Or in matrix form:
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End of Proof

The equation above can be used for optimizing the coefficient along with any descent
direction, such as that taken by conjugate gradients and Newton methods. It should be
noted for a linear system (w.r.t the parameters) the gradient direction at the next iteration
is perpendicular to that at the current iteration.

5.3.1.2 Newton Method
As the steepest descent method, this method also uses the gradient to search for the
minimum point of an objective function. The method is based on the Taylor series
expansion of the objective function which is truncated at the second order term. Taylor
series expansion of a function f(x1 ,x2) is:
 f
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In general for xT=[x1 x2 …..xN] we can write:
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Or:
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(5.28)

Where g is the gradient vector and [H] is the Hessian matrix (symmetric). Minimum of
function f is a point at which the gradient is (close to) zero.
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To take the derivative of vectors we have the following rules:
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x y
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(5.29)
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(5.33)

Therefore, taking the derivative of the function above gives:

f ( x)
 g k   H k   x  x k   0
x

(5.34)

Therefore:
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x  x k   H k  gk

(5.35)
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As shown earlier, for a squared misfit function f ( x )     Yi  Pi ( x )  the gradient
i 1

matrix is:
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In the following we evaluate the Hessian matrix in the context of least-square:
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or:
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Therefore:
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Or in a simpler form (because of symmetry in the last term):

2 f

xk

 P1
 x
 1
 P1
 x
 2
 (2) .

.
.

 P1
 xN

P2
x1

PI   P1
x1   x1

P2
PI   P2
...
x2
x2   x1

 ...

 ...
  PI

P2
PI   x1
...
xN
xN  
...

P1
x2
P2
x2

PI
x2

P1 
xN 

P2 
....
xN 

  (2)*


PI 
....

xN 


....

 2P1

2P2
2PI
2P1
2 P
2P
2P1
2 P
2P
Y1  P1   2 Y2  P2  ....  I YI  PI  ....
Y1  P1   2 Y2  P2  ....  I YI  PI 
 2 Y1  P1   2 Y2  P2  .... 2 YI  PI 

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x
1
1
1 2
1 2
1 2
1 N
1 N
1 N
 1



2P1
2P2
2PI
2P1
2 P2
2PI
.
Y  P1   2  Y2  P2  .... 2 YI  PI 
...

Y1  P1  
Y2  P2  ....
YI  PI  
2  1
x2
x2
x2
x2xN
x2xN
x2xN














2 P1
2P2
2PI
.
.
...
Y

P

Y

P

....
Y

P








1
1
2
2
I
I
xN2
xN2
xN2



(5.41)

Or:
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For the single-leakage pathway inverse problem (see §6.3):
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In short:
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(5.44)

Replacement of Equations (5.44) and (5.36) in (5.35) gives:
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(5.45)

One weak point of Newton method is that it may approach one of the extrema having
zero gradients, which is not necessarily a (local) minimum, but possibly a maximum or a
saddle point. Although the Newton method is much faster than SD its range of
convergence is small. Thus obtaining the minimum highly depends on its closeness of the
initial guess (Colaco et al., 2006).
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5.3.1.3 Gauss-Newton Method
In Equation (5.43), the second term involves the second derivatives while the first term is
related to the first derivatives. In the second term, the derivatives are multiplied by (YP(x)) which is supposed to be small for a successful model. However, in the first term
only the first derivatives are involved. Therefore, the second term is usually very small
compared to the first term and can be neglected.
Moreover, considering the second term can be destabilizing if the model fits badly or is
contaminated by outlier points that are unlikely to be offset by compensating points of
opposite sign. As such the Hessian can be approximated as:
T

(5.46)

 H k   2  J k   J k 

The matrix [J]T[J] is referred to as (Fisher) information matrix (Oliver et al.,2008).
Considering this approximated form of the Hessian matrix (sometimes called pseudoHessian) reduces the Newton method to Gauss-Newton method. This method may
converge if the initial guess is close enough to the minimum.
1

k
 k k
Replacement of the above equations in x  x   H  g gives:
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Or:
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It should be noted that sometimes it is better to keep the second derivative term in
obtaining the Hessian matrix. If (Y-P) is very non-linear or large, convergence of fulltype Newton method is quite superior to the Gauss-Newton method.

5.3.1.4 Quasi-Newton Methods
The general form of the quasi-Newton method is:

x k 1  x k   k d k

(5.49)
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Where:

d k   k  gk

(5.50)

The simplest form of this method is the Gauss-Newton method where matrix [ is the
inverse of information matrix. Different Quasi-Newton methods can be found in the
literature. For these methods, the inverse of Hessian matrix (which causes instability) is
replaced by [k]:

k   k 1    M k 1    N k 1 

(5.51)

Where [0] is identity matrix. For the Davidon-Fletcher-Powell (DFP) version of quasiNewton method the matrices [M] and [N] are given by:
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And:
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Where:

 k 1  g k  g k 1

(5.54)

where the vector g is given by Equation (5.36). Since the matrix [ is iteratively
calculated, some errors can be propagated and, in general, the method needs to be
restarted after a certain number of iterations (Colaco et. al., 2006).

5.3.1.5 Levenberg-Marquardt Method
Newton type methods demonstrate oscillatory behaviour during iterations and are not as
robust as steepest descent method. Levenberg-Marquardt method is a hybrid technique of
Gauss-Newton and Steepest Descent methods (Press et al., 1989).
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The Hessian matrix provides information on the order of magnitude scale of the problem.
The reciprocal of diagonal elements of the Hessian can be used to set the scale of the step
size. A damping parameter may then be used to make the steps smaller if the scale is too
large. This insight makes a connection between steepest descent method and the GaussNewton method as they both will be related to the inverse of Hessian matrix. LevenbergMarquardt method combines these two methods by introducing damping parameter  in
Gauss-Newton method as follows:
1

T
T
x  x k    J k   J k   .   J k  Y  P ( x k )







(5.55)

where [ is a diagonal matrix that only includes the diagonal elements of information
T

matrix. When  is large  J k   J k   .  is forced to be a diagonal matrix, and the
method behaves as the steepest descent method with a coefficient dependent on the
diagonal elements. When  is small the method behaves as Gauss-Newton method. The
parameter  is adjusted such that the steepest descent method is used far from the
minimum, while Gauss-Newton method is used close to the minimum.

5.3.1.6 The Conjugate Gradients Method
The conjugate gradients (CG) method is similar to the steepest descent method. The
difference is that the direction of descent is no longer the negative gradient direction. The
direction of descent is obtained as a linear combination of the negative gradient direction
at current iteration with the direction of descent of the previous iteration (Colaco et al.,
2006; Shewchuk, 1994).
In the steepest descent method we start with an initial guess and go in the direction which
the function changes most quickly (i.e. the opposite of the gradient direction) toward a
new estimation of the parameters. The step taken in the steepest descent direction is taken
so that the function gets its minimum in that direction. The gradient direction at the
minimum is actually orthogonal to current direction. As such each gradient is orthogonal
to the previous gradient. Thus steps in the same direction are repeated. This can be
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improved by choosing the directions so that the previous ones are not repeated again. The
Conjugate gradient (CG) method ensures that the steps to be taken are so that repetitions
not required. One more improvement is that the directions are not orthogonal anymore;
they are [J]T[J]-orthogonal (or conjugated):
T
diT  J   J  d j  0



(5.56)

Where i and j correspond to two successive directions. An intuition of [J]T[J]orthogonality is that it stretches the paraboloid around the estimation until it appears as a
sphere. Then the directions will appear as orthogonal. The first direction is still taken to
be the negative of the gradient at the initial guess. Because CG can generate only N
conjugate directions for an N-dimensional space, the algorithm should be restarted every
N-iterations. (Shewchuk, 1994)
As mentioned the iterative procedure for this method is similar to the steepest descent
method. However a new descent direction, dk, to be used in Equation (5.15) is:
x k 1  x k   k d k

(5.57)

Where:
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(5.58)

In the above equation k at each iteration is calculated based on Equation (5.16). The
conjugation coefficient, k, is obtained based on one of the following expressions:
a) Polak-Ribiere expression:
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b) Fletcher-Reeves expression:
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It has been observed that the Polak-Ribiere expression for non-linear inverse problems such as the leakage problem-results in improved convergence.
In the so-called Powel-Beale’s version of the Conjugate Gradient Method, Equation
(5.57) is modified as below:
x k 1  x k   k d k   k d q

(5.61)

Where k is another conjugation coefficient and q denotes the iteration number where the
resetting strategy is applied. The restarting is used to in order to improve the convergence
rate of the conjugate gradient method. For this method the conjugate coefficients are
defined as:
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Restarting is performed by making =0 is required when gradients at successive
iterations tend to be non-orthogonal. The non-orthogonality of gradients at successive
iteration is tested by:
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(5.64)

Also when the direction of descent is not sufficiently downhill restarting should be
performed. The descent direction is considered as non-sufficiently downhill if one of the
following inequalities is satisfied (Colaco et al., 2006):
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Or:
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5.3.1.7 Stopping Criteria:
The stopping criteria to be used for the above iterative methods as suggested by Dennis
and Schnabel (1983) are:
i)

2
k 1
The squared error is small enough:  ( x )  1

ii)

k T
k
The gradient of objective function is close to zero: ( J ) Y  P( x )    2

iii)

k 1
k
Change in the vector of parameters is minimal: x  x   2

Where 1,2, and 3 are user prescribed tolerances. The use of a stopping criteria based on
small changes of  should be used with caution as a method may stalls for a few
iterations and then starts advancing to the minimum. Since condition (ii) is also valid for
maximum and saddle points, it should be used along with other criteria. (Ozisik and
Orlande, 2000)

5.3.2 Stochastic/evolutionary Methods
Purely deterministic methods widely proved their efficiency. However such methods are
likely to be trapped in local minima if the function possesses more than one minimum.
Stochastic/evolutionary methods, combining mathematical analysis and random search
have appeared. The stochastic methods do not make use of the gradient of the objective
function in finding the minimum. Rather, they tend to mimic the nature by selecting, in
an organized way, the points where the objective function is to be computed in order to
find the global optimum. Genetic algorithms, simulated annealing, and particle swarm
method are examples of evolutionary methods. The genetic algorithm is the only method
introduced in the following.
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5.3.2.1 Genetic Algorithm (GA)
Genetic algorithm (GA) is based on the ideas of genetic evolution and has been applied
successfully to different areas of knowledge. To understand the basic idea we consider
how the whale evolved from 45 million years ago. The whale ancestors (called
Basilosaurus) had long paws and short fingers. Movement in the water is hard for such
creatures. What happened is that through genetic evolution today’s whale has shorter
paws and longer fingers. The combination (mating) of different genomes gave birth to a
whale that better fits its environment. Simplistically speaking, we could by example
consider that the shortening of the paws and the extension of the fingers of basilosaurus
are controlled by 2 “genes”: length of paw, and length of fingers. By reproduction and
crossover, new genetic combination occurs and finally a subject can inherit a good gene
from both parents (Rennard, 2000).
GA optimization process starts by setting a random set of possible solutions, called the
population, with a fixed initial size or number of individuals. Each individual is defined
by optimization variables and is represented as a bit string or a chromosome (See Figure
5.1).
Population
0
1
1
1
0
0
1
1
1
0
1
1
Chromosome 1

1
0
1
1
Gene 1
1
1
1
1
0 ….
…. 0
0
0
Gene 2
1
1
1
1
1
1
0
0
Gene 3
0
1
1
1
Chromosome 2
Chromosome N

Figure 5.1. Genetic algorithm

133
The objective function is evaluated for every individual in the current population defining
the fitness or their probability of survival. At each iteration of GA the operators of
selection, crossover, and mutation are used to update the population of designs. A
selection operator is first applied to the population in order to determine and select the
individuals that are going to pass information to one another through the mating process.
The mating process is referred to as the crossover operator. It allows the genetic
information contained in the best individuals to be combined more frequently to form
offsprings. Additionally, a mutation operator randomly affects the information obtained
by the mating of individuals.
The GA applied to an optimization problem proceeds as follow. The process begins with
an initial population of random designs (chromosomes). Then each design (chromosome)
of this population is encoded in binary setting (by 0’s and 1’s). The objective function is
evaluated for each design in the population. Each design is assigned a fitness value,
which corresponds to the value of the objective function for that design.
Next the selection operator is applied to each design of the population. The selection
operator chooses pairs of designs from the population who will mate and produce
offsprings. The selection scheme is partly based on the fitness of the design.
Once a mating pair is selected, the crossover operator is applied. The crossover operator
essentially produces new designs or offsprings by combining the genes from the parent
designs in a stochastic manner.

Each bit in each gene of a design is assigned a

probability that crossover will occur. If the probability is greater than 50% then the bit is
replaced by the corresponding bit in the gene from the other parent. Otherwise, the
original bit in the gene remains unchanged.
The mutation process follows next. By the mutation process each bit in each gene in the
design is given a chance to change from 0 to 1 or vice versa. This provides additional
randomness into the process which helps to avoid local minima.
By completion of the mutation process one iteration is complete, and a new generation is
produced. At the end of each iteration, the population should be decoded into a decimal
number to evaluate the objective function. Many iterations may be needed before the
method converges to an optimal design.
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The number of designs per generation, size of the bit string or chromosome, the number
of children from each mating, the probability of crossover, and the probability of
mutation are among the parameters that control the optimization process.
It should be noted that the encoding/decoding is not necessarily required. “Real-coded
GA” is now widely used for the optimization in real-valued search spaces. In contrast to
the traditional GA, the chromosome consists of (real-valued) object parameters, i.e.,
evolution operates on the “natural” representation. In fact, MATLAB GA is a real-coded
GA which uses the double data type by default to represent designs in the population. In
this work we use the MATLAB built-in GA whenever the stochastic methods are used.

5.3.3 Hybrid Methods
Hybrid methods are a combination of the deterministic and evolutionary/stochastic
methods in a sense that the advantages of each one of them are used. Hybrid methods
usually employ an evolutionary/stochastic method to locate the region where the global
minimum is located and then switches to a deterministic method to get closer to the exact
point faster (Padilha et al., 2009). Application of hybrid methods is useful when number
of parameters is large (e.g. for multiple leaks problem). Implementing the hybrid methods
for a single leak problem may not improve the minimization of the objective function.
Another approach to find the global minimum is to use the multi-start method. In this
procedure we start the deterministic method with large number of randomly generated
initial guesses. We then examine the local minimum solutions obtained and select the one
that correspond to the best fit.

5.3.4 Convexity
If the curvature of the objective function is always positive we can conclude that the
objective function is convex and has only one minimum. Then the deterministic methods
will be sufficient to obtain the minimum. The solution domain can be randomly searched
to see whether the curvature of the objective function changes. The curvature is given by
the Hessian matrix. If the Hessian is positive-definite everywhere it can be shown that the
function has always a paraboloid shape and possesses one minimum (Dennis and
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Schnabel, 1983). A matrix [M] is positive definite if xT[M]x > 0 for all non-zero vectors
x. For a matrix to be positive definite all of its eigenvalues have to be positive. When the
function is the least-square, the Hessian matrix can be approximated by 2[J]T[J].
Replacement of [M] by 2[J]T[J]gives: 2xT[J]T[J]x = 2([J]x)T[J]x which is equal to the
square of norm of vector [J]x. As such xT[J]T[J]x>0 for [J]≠0. Therefore, the squared
misfit function is convex if Hessian can be closely approximated by 2[J]T[J]. In general
the Hessian should be exactly obtained based on the procedure given in Full-type Newton
method. For a mismatch shown in Figure 5.2 the eigenvalues are sorted and shown in the
Figure 5.3 and Figure 5.4. Changes in the sign of the eigenvalues shows that the
curvature of the mismatch changes. This proves that the mismatch has more than one
minimum as expected from exploring its shape. In solving the leakage inverse problem
the positive definiteness of the Hessian will be examined.

Figure 5.2. A non-convex mismatch function
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Figure 5.3. Sign of the smaller eigenvalue of Hessian matrix corresponding to the
mismatch function

Figure 5.4. Sign of the larger eigenvalue of Hessian matrix corresponding to the
mismatch function
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5.4 Parameter estimation in presence of noise
In reality the measurement error is never zero. As noted earlier the chi-square function
should be taken as a measure of the agreement between the data and the model in
presence of noise. However if the standard deviation is the same for all measurements,
the least-square can still be used as the objective function.
When the data is noisy the instability of the problem causes very large uncertainty in the
best-fit parameters. As such the problem will need to be reformulated to achieve
stabilization. The true parameters will lie within an error bound from the obtained
solution.
In the following we first discuss the characteristics of the error of the pressure data based
on the present technology. Then the regularization methods that can be used to stabilize
the problem are presented. Next we discuss the methods to estimate the error of the
parameters based on the measurement errors.

The true parameters will be within an

interval around the estimated parameters. Such an interval is referred to as confidence
interval where there is a certain probability (e.g. 95% to be prescribed by user) that the
true parameters lie within this range.

5.4.1 Pressure data quality
The recorded pressure in the leakage test may be very small depending on leak and
aquifer properties as well as the distance between the injector and monitoring wells. The
test must be designed to ensure strong pressure signal which is accurately measurable and
quantifiable by the pressure gauge in use. It is important to understand the achievable
measurement quality and the parameters that affect the pressure gauge performance. The
pressure sensor and associated electronics are not the only components that affect the
measurement quality (Kikani et al., 1997). Severity of the environment where the
pressure is measured also influences the quality of the measurement. In the following
subsections the types of pressure measurement gauges currently utilized in the industry
and the pressure measurement performance parameters are discussed.
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5.4.1.1 Types of pressure sensors
The pressure sensors used in the field are two types: mechanical and electromechanical.
A mechanical transducer converts pressure into a mechanical displacement or
deformation that is recorded on a sensitive cylindrical surface which is rotated by a
mechanical clock (Kuchuk et al., 2010). Because of poor metrological characteristics and
lack of surface readout, the mechanical sensors are only used when high temperatures do
not allow using electromechanical gauges. For modern electromechanical sensors the
mechanical deformation caused by pressure is transformed into an electrical signal. The
mechanical displacement is electrically detected in three ways: capacitive detection
(capacitance sensors), piezoresistive detection (strain pressure sensors), and piezoelectric
detection (quartz pressure sensors) (Schlumberger, 2006).
The capacitance pressure sensors consists of a variable gap capacitor the capacitance of
which changes by deformation of two metallic or quartz plates. An external change in
pressure causes deflection of the plates and results in a capacity change which can be
mathematically related to the exerted pressure. Capacitance sensors have low hysteresis
and excellent stability and repeatability. Their main disadvantage is high sensitivity to
temperature and mechanical noise. For the strain sensors, a strain resistor is attached to a
deforming diaphragm. The pressure induced deformation changes the resistor length and
its resistance. The change in resistance can be used to calculate the applied pressure
based on a calibrated relationship. Strain gauges are very popular due to their toughness,
price and dynamic behaviour. Their main limitation is their tendency to drift. For the
quartz pressure sensors vibration of a quartz crystal is used to sense the pressure. The
crystal is excited by an external electronic circuit to oscillate at its resonate frequency.
The pressure induced stress applied on the crystal causes its frequency to change in a
precise manner. Quartz pressure sensors have exceptional metrological characteristics.
The major disadvantages of quartz gauges are high sensitivity to temperature and high
cost (Schlumberger, 2006).
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5.4.1.2 Metrology of pressure sensors
The performance of the pressure sensors is characterized by metrological parameters that
are critical to the measurement. There are two classes of metrological characteristics:
1. Static characteristics which describe the sensor performance at static conditions
2. Dynamic characteristics which describe the sensor performance when submitted
to varying pressure and temperature conditions

Static parameters describing the sensor performance include: accuracy, resolution, and
stability. Accuracy is the difference between the measured value and the true value. It is
the sum of all errors affecting the pressure measurements. Resolution is defined as the
smallest pressure increment detectible by the gauge. The resolution decreases with
increasing the sampling rate. Stability is the ability of the sensor to retain its performance
characteristics over relatively long period of time. Stability is quantified by the sensor
maximum drift, in psi per day, obtained at a given pressure and temperature
(Schlumberger, 2006; Kuchuk et al., 2010).
The dynamic parameters describing the sensor performance in dynamic conditions
include: transient response during temperature variation and transient response during
pressure variation. Transient response during temperature variation is described by the
peak error and the time required to get stabilized measurement for constant pressure
when the temperature is pulsed. The stabilisation time represents the time needed to be
within 1 psi (6.9 kPa) of the stabilised pressure. Likewise, transient response during
pressure variation is described by peak error and stabilization time when the pressure is
pulsed while the temperature is kept constant (Schlumberger, 2006; Kuchuk et al., 2010).

The strain and capacitance gauges have less resolution and accuracy and more drift
compared to quartz gauges. Strain sensors are inherently analog, since their output is a
voltage or capacitance; while resonant sensors are inherently digital since their output is a
frequency (Ward and Wiggins, 2010). Since frequency can be measured with greater
precision than voltage or capacitance, the resonant quartz sensor's frequency output
provides high resolution pressure measurement. Combinable quartz gauges today can
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measure the pressure with 1 psi (6.9 kPa) accuracy, about 0.003 psi (0.02 kPa) resolution,
and negligible drift over the range from atmospheric pressure to 15000 psi (~103 kPa) at
a 1-sec sampling (Kuchuk et al., 2010).
For the leakage test analysis the goal is to detect and characterize the leak through the
pressure changes. Knowing the true pressure does not really help in this process. As
such, the accuracy (a measure of the closeness of the measurement to the true value) is
not a concern in analyzing the leakage test data. Therefore, the resolution and drift are the
most important characteristics for the leakage test. Using quartz gauges the drift can be
negligible unless in hostile environments where the pressure and temperature are
changing rapidly or the temperature is very high. Thus, the measurement resolution will
matter the most in acquiring the pressure data for the leakage test.

5.4.1.3 Other contributors to measurement quality
The measurement resolution is not just the resolution stated by the manufacturer. Natural
background noise sources can contribute to the measurement resolution which includes
background transients from nearby wells and tidal effects (Kuchuk, 2009; Kuchuk et al.,
2010). The background noise can vary with the severity of the test environment. For
instance the apparent resolution (sum of the gauge resolution and the background noise)
can be much larger for a drawdown test compared to a build-up test. Kuchuk et al. (2010)
present the data of a field test where 80 hours build-up test follows a 3 hours drawdown
test. The apparent resolution for the drawdown and build-up tests are 0.135 psi (0.931
kPa) and 0.06 psi (0.414 kPa) respectively, using a gauge with 0.01 psi (0.069 kPa)
manufacturing resolution. Kuchuk et al. (2010) also present an interference test data
where the pressure is measured at an observation well in response to water injector. The
pressure is “static” for 36 hours with no observable change at the observation well due to
injection. The stated resolution of the quartz gauge used for the test is 0.004 psi (0.028
kPa). As shown in Figure 5.5 for a 1–hr time interval, the pressure looks noisy and
almost randomly varies within 0.01 psi (0.069 kPa). Thus, the apparent resolution can be
conservatively taken as 0.01 psi (0.069 kPa). However, the pressure is reduced by ~0.1
psi (0.69 kPa) over the 36 hrs of test (Figure 5.6). The variation cannot be due to injection
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as the pressure has to increase if this was the case. The pressure change may be attributed
to tidal effects, background transients from other wells, or slight gauge drift.

The test conditions for the leakage test may be similar to and even less severe than the
interference test example above. For the leakage test there will be no noise associated
with transients from near wells while for the interference test, transients from other wells
can affect the measurement. Tidal effects may cause the most resolution impairment of
the monitoring data for the leakage test.

Figure 5.5 Apparent resolution for an interference test data (from Kuchuk et al.,
2010)
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Figure 5.6 The expanded plot of the interference test data (From Kuchuk et al
(2010))
Tidal effects may be caused by lunar/solar tides which are periodic with a span of 12
hours from peak to peak or trough to trough. Other variations with different periods (such
as one day) may also be visible on the recorded pressure data. Such periodic fluctuations
in pressure data are caused by periodic variations of gravitational potential imposed by
the sun and the moon on the earth. Variation of these forces causes pressure variations
due to barometric and crustal dilatation (Sabet, 1991). The tidal induced pressure
variations are distinct due to their periodic characteristic pattern and can be filtered out
especially for high quality data. Algorithms have been presented in the literature (Levitan
and Phan, 2003; Sato, 2006; Zhao and Reynolds, 2009) for identification of tidal signal in
down-hole test pressure data and their removal. Normally the amplitude of the tidal signal
is very small in the order of 0.1 psi (0.69 kPa) or even smaller (Levitan and Phan, 2003;
Zhao and Reynolds, 2009). However, it can be increased to 0.7 psi (4.83 kPa) depending
on the porosity and pore-size distribution of the reservoir tested (Toth and Megyery,
1997). Several works (Hemala and Balnaves, 1986; Chang and Firoozabadi, 1999; Chang
and Firoozabadi, 2000) used the tidal signal in the down-hole pressure data measured
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during a well test as a means for determining in situ formation compressibility and
formation permeability.
To evaluate the noise associated with the gauge and tidal effects one can run the recorder
in the well several weeks before the test. The pressure monitoring prior to the test when
the aquifer is not interfered yet provides useful information on the level of noise that
should be dealt with.

Based on the above discussion we can assume that a high quality pressure signal with
0.01 psi (0.069 kPa) resolution can be obtained using quartz gauges and after removal of
tidal induced errors. For this study we assume that the pressure measurement error is
normally distributed with standard deviation of 0.07 kPa and zero mean (0.14 kPa
resolution). It is assumed that the drift is negligible over the leakage test period. Such
assumption may be valid over the test period especially when the operational temperature
is low.

5.4.2 Regularization
The stabilization of an inverse problem by imposing one or more constraints is referred to
as regularization. The constraints may be obtained using the information available
through projection of the solution in different form. Such constraints will be introduced
for the leakage problem based on the pressure derivative. Tikhonov regularization is also
a way to deal with singularity. In the following we briefly go through the SVD (Singular
Value Decomposition) as a requirement to understand the regularization techniques.
The SVD method will be used to obtain the solution of the regularized problem and to
find the regularization parameter. Next we introduce different techniques to regularize the
inverse problem and obtain the solution.

5.4.2.1 Singular Value Decomposition (SVD)
Based on SVD any matrix J can be formed by the matrices [U], [S], and [V] such that:
[J]=[U]*[S]*[V]T
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Where: [J] is an M*N matrix, [U] is M*M orthogonal matrix, [V] is N*N orthogonal
matrix, and [S] is an M*N diagonal matrix. [U] and [V] have orthogonal columns so that
[U]T[U]=I, [U][U]T=I, [V]T[V]=I, and [V][V]T=I. Columns of U are the eigenvectors of
[J][J]T while columns of [V] are eigenvectors of [J]T[J]. The elements of S are called
singular values which are the square root of the eigenvalues of [J] T[J] (and also [J][J]T)
matrix. In the event of having two columns of [J] linearly dependent one of the
eigenvalues (and therefore one of the singular values) will be equal to zero. Now let’s
consider: [J]=[U]*[S]*[V]T then [J]T= [V]*[S]T*[U]T
Writing the Jacobian matrix [J] in the SVD form at every iteration we get:

 J T  J 



1

T
1
T
 J  Y  P( xk )  V  S  U  Y  P( x) 

(5.67)

The inverse of S is zero everywhere except for the diagonal elements which are
reciprocal of the singular values. As such small singular values make the obtained
parameters highly sensitive to the difference between the actual data and those modelled.
Thus small singular values are associated with small features in the data and amplify the
noise. A measure of the instability of the solution is the condition number which is the
ratio of the largest to the smallest singular values. One way to deal with instability is to
drop terms associated with small singular values which is referred to as Truncated SVD
(TSVD). This stabilizes or regularizes the solution by making it less sensitive to the data
noise. However it can be shown that the solution is no longer unbiased (the expected
value of the solution is now different from the true solution). Another way to stabilize the
solution is by Tikhonov regularization which gives a greater weight to large singular
values and less weight to small singular values (Aster et al., 2004).

5.4.2.2 Tikhonov regularization
For a least-square problem there can be many solutions that adequately fit the data. A
collection of models that fits the data within acceptable limit are called an ensemble. In
Tikhonov regularization we select from an ensemble of models the one with minimum
norm. One intuitive explanation for such selection is that the solution norm increases with
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any non-zero feature that appears in the solution. One way to formulate the Tikhonov
regularization problem is to minimize:
I

2

I

f ( x )   Yi  Pi ( x )    2  xi2
i 1

(5.68)

i 1

where  is the regularization parameter. To find an appropriate  value the so-called lcurve can be used. Log-log plot of norm of x versus the mismatch often gives an L-shape
curve. The value of  that gives the solution closest to the corner of the L-curve should be

|x|

selected. A typical L-curve is shown in Figure 5.7.

optimum k

|Y-P(x)|
Figure 5.7. Norm of the parameters vector versus the norm of mismatch
Therefore for implementation of Tikhonov regularization the function to be minimized is:
T

Y  P ( x )   Y  P ( x )  
f ( x)  
 

 x
  x


(5.69)

As a result the Jacobian will be modified as:
[ J ( x )]
[ K ( x )]  

  

(5.70)
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Tikhonov regularization can be applied to any of the methods introduced for parameter
estimation by replacement of Jacobian matrix [J] by [K] and replacement of Y  P ( x ) 

Y  P ( x )  
by 
 . For instance the Levenberg-Marquardt iterative equation as a result of
 x

applying Tikhonov regularization will be modified as below:





k
1
T
T  Y  P( x ) 
x k 1  x k    K k   K k   .   K k  




 x

(5.71)

or:
1

T
T
x k 1  x k    J k   J k    2  . k     J k  Y  P ( x k )   2 x k 

 






(5.72)

5.4.3 Confidence intervals of estimated parameters
The best-fit parameters are generally different from the true parameters. A confidence
interval is required to illustrate the region in the vicinity of the estimated parameters
where the true parameters lie. The width of the confidence interval is a measure of the
estimation quality. In one dimension, the confidence interval is in the form of a line
segment centered at the best-fit parameter while in higher dimensions it is in the form of
ellipses or ellipsoids.

5.4.3.1 Monte Carlo Simulation
One easy way to build the confidence interval is to use the Monte Carlo simulation. The
idea is to create synthetic data sets based on the process that the data are obtained.
Information about the nature of measurement error may be given for the measurement
device. Once the synthetic data sets are constructed the same procedure for parameter
estimation should be repeated. The resulting best-fit parameters should then be mapped to
give the confidence interval.
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Consider the minimum chi-square 2min to correspond to the best fit parameters x0. Any
perturbation of the parameters around x0 increases the chi-square. The region in which 2
does not change by more than a set value 2 gives a confidence interval around x0. 2
is obtained by the inverse of chi-square cumulative distribution function for given
probability and N degrees of freedom (N=number of parameters).
Ensemble median model can also be used to modify the estimated parameters using the
optimal parameters for different synthetic data (Cobenas et al., 1998).

5.4.3.2 Normally distributed error
A quantitative relatioship can be given to obtain the confidence interval in case of
independent and normally distributed measurement errors. Consider x to be the solution
that minimizes the objective function. By linear approximation of the squared misfit
funtion we can get the effect of perturbing the solution by x on the least-square:

P ( x0  x)  P ( x0 )   J ( x0 ) x

(5.73)

Y  P ( x0  x)  Y  P ( x0 )    J ( x0 ) x

(5.74)

 Y  P     J ( x0 ) x

(5.75)

 Y  P     J 0  x

(5.76)

1

T
T
x     J 0   J 0    J 0   Y  P 



(5.77)

Thereofore the relationship between the changes in mimatch and changes in parameters
can be approximated as linear. We also have:

Cov [ A] x   [ A]Cov  x [ A]T
Combination of Equations (5.77) and (5.78) gives:

(5.78)
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Cov  x0    J 0   J 0    J 0  Cov Y  P   J 0    J 0   J 0  





1

(5.79)

In case of equal standard deviation cov(Y-P)=2, therefore:
T
Cov  x0   [C]   2   J 0   J 0  



1

(5.80)

The matrix [C] is known as covariance matrix. Using Equation (5.80) the confidence
region of the individual parameters can be determined. For instance the 95% confidence
inteval is given by:
1/2

x0  t /2,I  N  diag[C]

(5.81)

where t/2,I-N is the value obtained from the t-distribution for  tail probability
(corresponding to 1-confidence limit) and I-N degrees of freedom. I and N are the
number of measurements and number of parameters respectively. For instance, for 95%
confidence interval and infinite degrees of freedom 1-=0.95, thus =0.05 and
t0.025,∞=1.96 (Dogru et al., 1977; Rosa and Horne, 1983).
If the combination of parameters is considered obtaining the confidence region becomes
more complicated. The joint confidence region is usually shaped as ellipse (for two
parameters) or ellipsoid. It may include larger region than that suggested by the
individual parameters confidence region. For detailed explaination of the joint confidence
interval the reader is referred to Press et al. (1989) and Aster et al. (2004).
Let p be the confidence limit required (e.g 68% or 95%). The following procedure should
be followed to obtain joint confidence interval of parameter vecotr x:


find 2, the inverse of chi-square cumulative distribution function for probability
p and N degrees of freedom. The ellipsoids limits will be obtained such that
1

xT C x   2


obtain the covariance matrix, [C], using quation (5.80).



obtain eigenvalues and corresponding eigenvectors of [C] -1 (or
for equal variance)

1
2

  J 0 T  J 0  
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directions of the ellipsiod axes are given by the (orthonormal) eigenvectors



the semiaxis lengths are given by:

 2
where  is the corresponding eigenvalue


It should be noted that if the standard deviation of the normally distributed measurment
error is not known it can be approximated by:
T

s

Y  P ( x0 )  Y  P ( x0 ) 

(5.82)

IN

where x0 is the best-fit parameter set.

5.5 Conclusions
In this chapter the theoretical background to solve the leakage inverse problem is
presented. Characterization of leakage pathways based on pressure measurments require
methods to maximize the likelihood of the measured data with those modeled. When data
errors are independent and normally distributed the maximize likelihood estimator is
identified to be chi-square function. Chi-square objective function (which reduces to
least-square when the measurement error is constant) should be minimized to find the
leakage parameters that best fit the measured pressure data. Optimization techniques are
required for the minimization of the objective function. Deterministic gradient-based
optimizations are presented above including: Steepest descent, Newton, Gauss-Newton,
Quasi-Newton,

Levenberg-Marquardt,

and

Conjugate

gradients

methods.

The

convergence rate and reliability of these techniques for estimation of best-fit parameters
will be evaluated in chapter 6. The gradient-based methods are local optimzers and may
be trapped in local minima if the function possesses more than one minimum. Use of
stochastic methods such as genetic algorithm will be required to limit the search space.
Methods combining deterministic and stochastic methods are referred to as hybrid
methods. A method to use eigenvalues of the Hessian matrix is introduced to find the
degree of non-linearity of the objective function.
In solving an inverse problem the concern is far more than mere estimation of the
parameters that best fit the data. Different sets of parameters may exist that fit the data
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equally well (non-uniqueness). Also, slight error in the data may result in significant
variation in the best fit parameters (instability). Truncated singular value decomposion
and Tikhonov Regularization techniques are introduced to stabilize the inverse problem.
Monte-Carlo simulation can be used to evaluate the confidence interval over which the
leakage parameters will vary in response to data error. A deterministic approach to
estimate the confidence interval based on covariance matrix is also presented. Such
method is derived considering Gaussian measurment error and linear approximation of
objective function. The pressure measurement error is discussed and major sources of
errors are identified. We assume that a high quality pressure signal with 0.02 psi (~140
Pa) resolution can be obtained using a resonant quartz gauge. The drift is considered to be
negligible over the short leakage test period which may be valid especially when the
operational temperature is low.
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Chapter Six: SINGLE LEAK CHARACTERIZATION THROUGH PRESSURE
MONITORING DATA OF SINGLE WELL1

Abstract
The geological storage of carbon dioxide provides the possibility of maintaining access to
fossil energy, while reducing emissions of carbon dioxide (CO2) to the atmosphere. One
of the essential concerns in geologic storage is the risk of CO2 leakage from the storage
formations. Leakage occurs through possible pathways in the seal, which include a)
transmissive faults, b) abandoned wells (penetrating the entire seal or part of it), c) active
wells that partially penetrate the seal, d) and local seal weakness and fractures.
CO2 leakage to the subsurface formations can adversely affect the existing and potential
energy and mineral resources and shallow ground water resources and soils. As such,
detection and characterization of CO2 leakage pathways from storage formations into
overlying formations is necessary. The target aquifer could be tested for the leakage
pathways before CO2 storage. This will allow for the determination of proper storage
aquifers and locations for the injection wells. In this work, we suggest a flow and
pressure test and present an inverse methodology to detect and characterize leakage
pathways based on the pressure data.
The flow test is based on the injection (or production) of water into (or from) a storage
aquifer at a constant rate. The pressure is measured at a monitoring well in an aquifer
overlying the storage aquifer, which is separated by an aquitard. The objective of the test
is to locate and characterize any leakage through the separating aquitard. The
interpretation method is based on forward and inverse solutions of a new analytical
model presented earlier (Chapter 4). We present an inverse procedure to obtain the
leakage pathway transmissibility and location, based on the pressure measurements in an

1

This chapter is a modified version of: Zeidouni M., Pooladi-Darvish M., 2010, Characterization of
Leakage through Cap-rock with Application to CO2 storage in Aquifers – Single Injector and Single
Monitoring well, Paper SPE 138178, Presented at 2010 Canadian Unconventional Resources and
International Petroleum Conference, 19th-21st October 2010, Calgary.
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observation well completed in the monitoring aquifer. Inversion analysis is utilized to
evaluate the capability of leakage parameters’ estimation through pressure monitoring.

6.1 Introduction
One way to cut the carbon dioxide (CO2) emissions is their capture and storage in deep
underground formations. Deep saline aquifers have the volumetric capacity to store the
immense quantities of CO2; however, for the long-term entrapment of the CO2, the target
aquifer must be sealed by an impermeable cap rock. The cap rock may contain
natural/man-made leakage pathways, such as improperly plugged abandoned wells, leaky
faults, fractures, stratigraphic heterogeneities and other local weaknesses. The detection
and characterization of any leakage pathways are required before storage operation can
begin.
In this chapter, a leakage test is introduced, the goal of which is the detection and
characterization of single leakage pathways in the cap rock overlying a target aquifer
based on pressure data measured at a monitoring well perforated in an upper aquifer. We
want to detect the leak prior to injection of CO2. The idea is the injection of water into the
aquifer and monitoring of the pressure at a monitoring well in an upper aquifer for a
specific time period, e.g. 100 days. We investigate how the location and transmissibility
of the leak can be obtained based on the pressure measurement. The side and plan views
of the test configurations are shown in Figure 6.1.
The test is similar to a vertical interference test, where two formations are tested for
communication. The simplest form of an interference test is performed in one formation
and involves two wells: a producer (or injector) and a monitoring well. Multi-well
interference testing usually involves one producer (or injector) and several monitoring
wells. The producer (or injector) is opened for production (injection) at a constant rate for
a reasonable length of time. The pressure is recorded and analyzed to find reservoir
continuity and detect directional permeability and other major reservoir heterogeneity.
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Figure 6.1. The side and plan views of the leakage test configuration
The pulse test is one form of an interference test. The producer (injector) is referred to as
a pulser, and the monitoring wells are called responders. The pulse is generated by
increasing or decreasing the production (injection) rate of the pulser (Burns, 1969;
Hirasaki, 1974). While we consider a constant injection rate in this paper, the effect of
varying the injection rate is studied in Chapter 7.
The leakage problem is an inverse problem in the sense that the location and
characteristics of the leak can be obtained from pressure measurements at the monitoring
well(s). The leakage parameters are manipulated so that the modeled pressure matches
the measured data.
In this paper, we first present an overview of the forward model where a relationship
between the leakage parameters and the pressure change in the upper aquifer is given.
Next, the solution to the corresponding inverse problem is analyzed. The stability of the
solution is analyzed based on the sensitivity coefficients and the information matrix. The
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convexity of the problem is also evaluated to check whether the curvature of the objective
function changes causing entrapment of the regression methods at a local minimum.
Parameter estimation is then performed for noise-free data, and uniqueness of the
solution is examined. Convergence of different deterministic optimization methods on
leakage parameter estimation is tested. Finally, the effect of noise is studied and
expressed in terms of a confidence interval.

6.2 The Forward Problem
We have developed an analytical model that obtains the pressure change at the
monitoring aquifer in response to the leakage from the storage aquifer (Chapter 4). We
initially consider only two aquifers (storage and monitoring) that are separated by an
impermeable aquitard. We consider a single-phase one-dimensional radial flow system in
the aquifers. The leakage occurs in the vertical direction through a single leakage point.
The aquifers are considered as infinite and the injection (or production) rate to be
constant.
Based on the exact analytical solution, the dimensionless pressure response at the
monitoring well (perforated in the monitoring aquifer) to leakage can be obtained by:
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The bar sign on PmD and qlD shows that these equations are given in the Laplace domain
with the Laplace transform variable s. Since Laplace inversion to obtain the close-form
solution is difficult, we use a numerical algorithm (Stehfest, 1970) for inversion to the
time domain.

6.3 The Inverse Problem
In the leakage inverse problem considered here, the transient pressure measurements at a
monitoring well are given. The pressure measurements are given at times t i, where
i=1,2,...,I. Two sets of dimensionless groups (or parameters) are involved in the forward
model. The first set consists of TD and D, which only depend on the aquifers’ properties.
The second set is related to the leak properties: RD, D, rlD and . All these parameters are
required to obtain the pressure change at the monitoring aquifer. However, in the leakage
inverse problem, the concern is the determination of the leakage parameters from the
pressure data.
The leak can be parameterized by the leakage parameters: RD, D, rlD and . One can
work in a dimensional format and paramerterize the problem by the parameters R, , rl
and klrl2. The number of parameters can be reduced, as the leak radius and the
transmissibility are interrelated. It can be shown that the effect of the leak size depends
on whether the leak is large or small. Information on the leak size may be available from
geological modeling (for geological scale leaks) and/or drilling data (for well leaks).
Thus, we assume that the range of the leak size is known. Therefore, the number of
parameters is reduced to three: RD, D, and  (or R,  and klrl2). Note that for a large leak,
the pressure is sensitive to the leak size independent of leak transmissibility (see §4.7).
As such, the leak size should be taken as accurately as possible for a large leak.
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The location of the leak can be parameterized by R (leak-injector distance) and  (leakmonitor distance). One more way to parameterize the location is the use of the leak
coordinates – xl and yl (the abscissa and ordinate of the leak location in Cartesian
coordinates, respectively). The parameters are obtained through the minimization of the
difference between the measured and modeled pressure data. This is an optimization
process to find the best-fit parameters. If the location is parameterized by the distances,
the optimization process should be constrained with triangular inequalities: the sum of the
length of every two sides must exceed the length of the third side. Imposing these
constraints on the optimization algorithms may be computationally costly.
If the location is parameterized using Cartesian coordinates, the optimization algorithms
need not be constrained with triangular inequalities. Also, when working with more than
one monitoring (injection) well, the distances will be different from the leak to different
monitoring (injection) wells. The optimization process should then be constrained to
consider the relationship between different leak-monitor (leak-injector) distances.
Working with the coordinates, however, allows for the inclusion of many monitoring
(injection) wells, while the leak location parameters remain unchanged. As such, in this
study, the location of the leak is parameterized based on the leak coordinate position.
For parameterization based on the coordinates, the locations of the injection and
monitoring wells are required. We establish the convention of using (0,0) as the location
of the injector. The ordinate of the monitoring well is considered zero with the abscissa of
L, which is the monitor-injector distance. Therefore, the leak can be parameterized by the
leak coordinates (xl, yl) and the leakage transmissibility. To enable generalization of the
results, the inverse problem can be investigated in dimensionless form; and, as such, it is
more convenient to parameterize the leak location in dimensionless terms – xlD (xl/rw), and
ylD (yl/rw). In short, the leak is parameterized by three parameters – xlD, and ylD, and ;
and, these parameters are estimated by the minimization of the chi-square function. When
the noise distribution is the same for all the measurments, the chi-square objective
function is reduced to an ordinary least square :
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In this paper, a scalar is written as a plain letter and a vector as a bold letter. A matrix is
shown by a bracketed plain letter. In the above equations Y, PmD and x are the measured
dimensionless pressure, calculated dimensionless pressure and parameter column vectors,
respectively.
The inverse problem is investigated with the application to a base case, which is
described in Tables 6.1 and 6.2 in dimensional and dimensionless formats. The
coordinates of the injection and monitoring wells and the leak are given in Table 6.3 and
Table 6.4. For the base case, water is injected in a 30 m thick aquifer at a rate of 864
m3/day for 100 days. The pressure is monitored at a 10 m thick overlying aquifer at a well
located 75 m from the injection well. Considering a leakage pathway with 150 mD
permeability and a radius of 0.2 m, which is located 50 m from the injection well and 35
m from the monitoring well, synthetic pressure data are generated. We consider 2,400
pressure measurements (sampling frequency = 1/hr) that are taken with equal time
intervals. The characterization of the leak through analysis of the measured pressure data
is investigated.
In the following paragraphs, we first analyze the leakage inverse problem to determine
the difficulty associated with the evaluation of different leakage parameters. The main
issues in the solution of an inverse problem are uniqueness and instability. There may be
more than one set of parameters that fit the data equally well. Also, the solution may be
very sensitive to noise. The inverse problem may be ill-posed (ill-conditioned) leading to
instability. Analytical tools, including sensitivity coefficients, correlation matrix and the
convexity of the objective function, are used to evaluate the leakage inverse problem
condition.
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Table 6.1. Descriptions of the Base Case
Parameter

value
2

kl, leak permeability (m )

150×10-15

R, leak-injector distance (m)

50

, leak-monitor distance (m)

35

hl, leakage interval (m)
rl, leak radius(m)

24
0.2

, brine viscosity (Pa.s)

0.5×10-3

monitoring aquifer compressibility (1/Pa)

1e-9

monitoring aquifer porosity(fraction)

0.1

km, monitoring aquifer permeability(m2)

25×10-15

hm, monitoring aquifer thickness(m)

10

Pmi, monitoring aquifer initial pressure (Pa)

11.76×106

storage aquifer compressibility (1/Pa)

1×10-9

storage aquifer porosity (fraction)

0.1
2

100×10-15

ks, storage aquifer permeability (m )
hs, storage aquifer thickness(m)

30
3

Q, injection rate into the storage aquifer (m /s)

0.01

Psi, storage aquifer initial pressure (Pa)

12×106

rw, injection well radius(m)

0.1

L, monitor-injector distance

75

Table 6.2. Descriptions of the Base Case in Dimensionless Form
Parameter


RD
D
TD
D
rlD
LD

Value
4.17×10-5
500
350
0.083
0.25
2
750
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Table 6.3. Location Coordinates for the Base Case
Parameter
x, abscissa of the injection well location, m
y, ordinate of the injection well location, m
xm, abscissa of the monitoring well location, m
ym, ordinate of the monitoring well location, m
xl, abscissa of the leak location, m
yl, ordinate of the leak location, m

Value
0
0
75
0
46
19.6

Table 6.4. Location Coordinates in Dimensionless Form for the Base Case
Parameter
xD
yD
xmD
ymD
xlD
ylD

Value
0
0
750
0
460
196

To enable the writing of the forward model in terms of the coordinates, relationships
between the coordinates and distances, RD and D are required, which are given by:
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6.4 Sensitivity Coefficients
Mathematically, the degree that the inverse problem is ill-conditioned can be studied
based on the behavior of the Jacobian (sensitivity) matrix. Elements of the sensitivity
matrix [J] are known as sensitivity coefficients ( J ij 

PmD ,i
x j

) which shows how changes

in xj yields changes in PmD,i. The sensitivity to each parameter makes up the columns of
the Jacobian matrix. For the inversion to be exact, the columns are required to be linearly
independent. If the columns are linearly dependent or represent almost parallel curves,
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the inversion will be inaccurate. It is desirable to have a sensitivity matrix that is
comprised of linearly independent columns. The linear independence allows independent
evaluation of the parameters (Ozisik and Orlande, 2000).
In the following paragraphs, we study the behavior of the sensitivity matrix, in order to
examine the difficulty of leak detection for the reference case. The sensitivity
coefficients, with respect to different parameters, are obtained in the Laplace domain and
given in Appendix A. The sensitivity coefficients are illustrated versus time in Figure 6.2.
The parameters and the sensitivity coefficients are different by orders of magnitude. The
magnitude of sensitivity coefficients increases with time, meaning that a longer test can
provide useful information for parameter estimation.

Figure 6.2. Sensitivity coefficients for the base case
It is important to determine the parameters to which the pressure is most sensitive. Since
the parameters are different by many orders of magnitude, it is not clear which
parameters are the most important from studying the sensitivity coefficients. To
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overcome this problem, the relative sensitivity coefficient has been introduced (McElwee,
1987), which is given by: x j

PmD ,i
x j

.

Relative sensitivity coefficients have the advantage that they are all of the same type
(dimensionless pressure) and can thus be compared with each other. Comparison of the
magnitude of these relative sensitivity coefficients gives a good indication of the relative
importance of different parameters. The magnitude of the relative (normalized)
sensitivity coefficients are presented in Figure 6.3.

Figure 6.3. Relative sensitivity coefficients for the base case shows the importance of
the leakage coefficient compared to location parameters
The relative sensitivity coefficient of parameter  is considerably larger, making the
estimation of the leakage coefficient much easier than with the leak coordinates. The
abscissa of the location affects the pressure the least. Note that all the sensitivities look
very similar in shape and are almost linearly dependent. This can cause ill posing of the
leakage problem and make the solution highly instable.
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6.5 Parameters’ Correlation
The cross-correlation between parameters is given by the correlation matrix. Let
[F]=[[J]T[J]]-1; and, the elements of the correlartion matrix (correlation coefficients) are
then given by:
 ij 

Fij

(6.6)

Fii F jj

which is the correlation between parameters i and j.
The correlation between parameters 1 and 2 (xlD and ylD, respectively) is given by 12 or

21. The correlation coefficients vary between -1 and 1. A correlation coefficient that is
close to unity indicates that the parameters are strongly correlated, so that uncertainty in
one parameter is linked to uncertainty in the second parameter. A correlation coefficient
that is close to zero shows that the parameters are almost uncorrelated. Positive and
negative signs of the correlation coefficient signify how the uncertainty of one parameter
may be related to the other. A positive correlation coefficient indicates that there will
likely be the same sign error in the parameters, while a negative value indicates the errors
may have opposite signs.
Related changes in correlated parameters may result in identical data. As a result, highly
correlated parameters are difficult to resolve. Parameter correlation also limits the
convergence of parameter estimations using gradient-based methods (Adili et al., 2010).
As such, the correlation between parameters can be a good indication of the difficulty in
the estimation of the parameters. The ideal situation has correlation coefficients that are
close to zero (uncorrelated parameters). The correlation matrix at the optimal parameters
for the base case is given by:

1.0000 0.9992 0.9821 
[  ]   0.9992 1.0000 0.9887 


 0.9821 0.9887 1.0000 
All the off-diagonal elements happen to be very close to 1. Such high correlation makes
the independent estimation of the parameters difficult. It can be observed that xlD and ylD
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are highly correlated, while  is less correlated with the location parameters. The lower
correlation between  and the other parameters makes the estimation of  easier.
In the following section, we examine the convexity, which is another aspect of the
difficulty of the problem. If the objective function is convex (has only one minimum –
the global minimum), the minimization approaches should be able to find the solution, at
least for the ideal case where the data are noise-free. However, if it happens to be nonconvex, robust optimization approaches are required to obtain the potential solution of
the problem.

6.6 Convexity
In this section, we examine the convexity of the objective function to see whether it has
more than one local minimum. If so, global optimization is required to search the domain
for the best-fit parameters. Parts a, b, and c of Figure 6.4 show the least square
(mismatch) changes due to variation of two parameters while the third parameter (, ylD,
and xlD respectively) is fixed. It is not clear from these figures whether the curvature of
the mismatch varies or not for the base case. Moreover, the curvature is required for all
combinations of the parameters.
a)

b)

c)

Figure 6.4. The objective function versus pairs of parameters for the base case
A robust technique to examine the convexity of the mismatch is to use the Hessian
matrix. All the parameters can vary simultaneously, and the effect on the convexity is
observed. A function is convex if its Hessian is positive definite everywhere. The
positivity of the Hessian is studied by checking its eigenvalues for positivity.
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The 3×3 Hessian matrix is evaluated for different combinations of xlD, ylD and . The
three eigenvalues are plotted in Figure 6.5. Based on this figure, it is evident that the
curvature of the objective function varies over the domain on which the parameters
change. As such, more than one local minimum may exist over the range of parameters
that are searched.
a)

b)

c)

Figure 6.5. Eigenvalues of the Hessian matrix for the base case. Negative and
positive eigenvalues are shown in green and yellow, respectively. Frequent variation
of the sign of the third eigenvalue (part c) indicates possible variation in the least
square curvature, implying more than one local minimum.
The results above indicate that the leakage inverse problem may be very ill conditioned
and non-convex. For such a problem, obtaining the true parameters may be difficult, even
for noiseless pressure data. Initializing the minimization method at different points may
result in reaching different solutions.
In the following section, several deterministic optimization methods are applied to the
leakage problem. The methods are initialized at various points (multi-start global
optimization), and the potential of obtaining the solution is examined.

6.7 Parameter Estimation in the Absence of Noise
In this section, the capability of obtaining the true parameters in the absence of noise is
examined. First, the analytical solution is analyzed to determine whether the noise-free
data solution is unique. Next, the deterministic optimization algorithms are utilized to
obtain the solution. The convergence of the algorithms is examined by inializing them at
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the same point. The algorithms are then initialized at different points to check whether
the true parameters are obtainable.

6.7.1 Solution uniqueness
Each pair of distances, RD and D, corresponds to two points in space (Figure 6.6). Both
locations (xlD, ylD) and (xlD, -ylD) are at distances RD and D from the injector and the
monitoring wells, respectively. Therefore, based on Equations 6.1 and 6.2, there is always
a pair of locations in space that leave the same pressure signature at the monitoring well.
With the knowledge of one of these locations, the other location can be easily located
based on symmetry.

Figure 6.6. Two locations corresponding to the same pair of distances, RD and D

Is there any other pair of locations that gives the same pressure signal at the monitoring
well? In other words, is the solution RD, D and  unique? In Appendix B it is proved that
parameter  is unique. However, there is one more set, RD’ and D’, that exactly fit the
data given by:
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D
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D

 D   D RD

(6.7)

The mere existence of a second set is not sufficient. The second set based on the above
equation may be physically irrelevant. For the second set to be acceptable, it has to
satisfy the triangular inequality condition:
RD’+ D’ > LD

;

RD’+ LD > D’

;

LD + D’ > RD’

(6.8)

where LD = L/rw.
For the base case, the second set is RD’ = 700 and D’ = 250. This set satisfies the
inequality above and is, therefore, physically acceptable. Hence, for the base case, there
are 4 locations with the same transmissibility that can give the same pressure data at the
monitoring well: xlD = 460, ylD = ±196 and xlD = 660, ylD = ±233.3. The locations are
shown in Figure 6.7. With one location known, the other locations can be calculated. In
the following subsection, the goal is the investigation of whether the evaluation of one of
the solutions is possible.

Figure 6.7. There are four leak locations (xlD, ylD) that cause the same pressure
change at the monitoring well for the base case problem. Knowing one location, the
other locations can be deduced.
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6.7.2 Optimization algorithms
In the following, various optimizatrion algorithms are used to obtain the leak parameters
from the noise-free pressure data. As shown above, there are four sets of parameters that
equally match the pressure data. The parameter  is the same for all these vectors. Using
the optimization algorithms, either of these sets may be obtained.
We start with the initialization of the methods from the same initial point: xlD = 1,000, ylD
= 1,000,  = 0.01. It should be noted that, due to orders of magnitude of difference
between the sensitivity coefficients with respect to xlD and ylD compared to , scaling of
the Jacobian matrix is required. At every iteration, the sensitivity coefficient with respect
to parameter  is multiplied by a scaling coefficient to get a less singular matrix. The
scaling scheme is described in detail in Appendix C.
The results of different methods are shown in Table 6.5. The Levenberg-Marquardt (LM)
method converges very quickly for the base case problem. The convergence of the
conjugate gradients (CG) methods is highly dependent on restarting the orthogonal
directions, which allows the previous directions to be taken. The steepest descent (SD)
method may be misled by the gradient at the initial guess and is not able to converge to
the solution. The Newton type methods do not converge, perhaps due to a relatively
remote initial guess.
Table 6.5. Results of Applying Different Optimization Algorithms Using the NoiseFree Data
Method

Convergence

Steepest Descent

Does not converge

Full-type Newton/

Does not converge/

Gauss-Newton

Does not converge

Quasi-Newton (QN) DFP version/

Does not converge/

QN BFGS version

Does not converge

Levenberg-Marquardt (LM)

Converges to true parameters (after 90 iterations)

Conjugate Gradients (CG)/

Does not converge/

CG-PB version

Converges to true parameters very slowly (over 10000
iterations)
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The method of choice for solving the leakage problem is, therefore, the LM method, as it
converges quickly to the correct parameters. This method is initialized at different
randomly generated points over the ranges of 100-900 for xlD, 100-900 for ylD and
0.0001-0.1 for . It is found that the method can always converge to the correct
parameters. The damping parameter and its rate of change can be adjusted to control
overshooting/undershooting so the convergence is achieved. Higher rate of change of
damping parameter may cause overshooting and divergence. Lower rate of change may
result in slower but more reliable convergence.
Constraining the optimization algorithms may be required to get physically acceptable
parameters (positive real values) and pressure models. If, at a certain iteration, parameter

 becomes negative, the pressure may become negative in the next iteration. Also, the
iterative procedure may result in the optimization algorithm taking very large values for
xlD and ylD. Therefore, the pressure change and its derivatives with respect to the
parameters become zero. This leads to the zero information matrix, the inverse of which
is indefinite (in MATLAB, NaN = Not a Number). As such, a real positivity constraint on

 and an upper constraint on xlD and ylD may be required. To set such constraints, the
barrier method can be used (Boyd and Vandenberghe, 2004).
It has been shown that the system is highly ill conditioned and, therefore, very unstable.
As such, noise is an issue, especially in solving a small leak problem where the pressure
signal is small. The effect of noise is discussed in the next section.

6.8 Parameter Estimation in the Presence of Noise
The measurement error can affect the parameter estimation significantly, especially when
the pressure signal is small. The characteristics of the error of the pressure data
considering the present pressure transducer technology and environmental sources of
error is discussed in Chapter 5, Section 5.4.1. Based on this discussion, it is assumed that
a high-quality pressure signal with 0.02 psi (~140 Pa) resolution may be obtained using a
resonant quartz gauge.
For this study, we assume that the pressure measurement error is normally distributed
with a standard deviation of 70 Pa and a mean of zero (140 Pa resolution). The drift is
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considered to be negligible over the leakage test period. This assumption may be valid
over the test period, particularly when the operational temperature is low. Current
pressure monitoring practices show that a high-quality signal can be obtained. Meckel et
al. (2009) reported high-resolution pressure data obtained through the monitoring of CO2
storage in Cranfield, Mississippi. CO2 is injected into a target reservoir, and the pressure
is monitored in the above zone, which is separated by a seal. No pressure communication
was observed in the above zone based on the high-quality data measured for over a year.
Synthetic pressure data for the base case are generated and shown in Figure 6.8 in
dimensional and dimensionless forms. LM method is used to obtain the best-fit
parameters using the data. Initializing the parameters differently the best fit parameters
are obtained: xlD=309.2, ylD=124.4, =4.086×10-5. Three more leaks with same leakage
coefficients and different locations can exist that equally fit the data as the best-fit
parameters. Based on symmetry and using Equation 6.7 and 6.8 it can be shown that
these three leaks locations are: (309.2, -124.4, 4.086×10-5), (915.9, 16.3, 4.086×10-5) and
(915.9, -16.3, 4.086×10-5). For the following analysis we present the results considering
the best-fit parameters as the one closest to the true parameters i.e. xlD=309.2, ylD=124.4,

=4.086×10-5.

Figure 6.8. Synthetic data for the base case
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The question now is the certainty of these parameters. Due to noise, the best-fit
parameters may be different from the true parameters. Can we obtain an interval around
the best-fit parameters within which the true parameters would lie? This interval is
referred to as confidence interval. One way to obtain the confidence interval of the
parameters is through the use of a covariance matrix. A probability should be assigned to
indicate the chance that the true parameters belong to the confidence interval. In the
following paragraphs, we use the covariance matrix to obtain a 95% individual
confidence interval (Press et al., 1989).
The standard error is required in dimensionless form, which is given by:  D 

2 ks hs

P

q

where P = 70 Pa.
The covariance matrix at the best-fit parameters is:

 4.76 104

5
[C ]  1.59  10
3.08 104


1.59  10

5

3

5.57  10

1.07  10

4

4


4 
1.07  10 
12
2.07  10 
3.08  10

Square-roots of the diagonal elements of the covariance matrix are used to calculate the
error bounds of the individual parameters. Therefore, the individual confidence interval
for the first set of parameters is given by:

xlD  309.2  1.96  218.2  309.2  427.7
ylD  124.4  1.96  74.7  124.4  146.3
5

  4.086 *10  1.96  1.44  10

6

  4.086  0.282   10

5

The joint error ellipsoid for the above set of parameters is presented in Figure 6.9, the 2D
projection of which is shown in Figure 6.10. The error ellipsoid shows a larger
confidence interval, as expected from the high correlation between the parameters. The
results are summarized in Table 6.6. The confidence intervals for the location parameters
cover a very large region. Based on these results, estimation of the distance of the leak
from the injection and monitoring wells may be very difficult in practice.
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Figure 6.9. The joint 95% confidence region around the parameters xlD = 309.2, ylD
= 124.4 and = 4.086×10-5

Figure 6.10. 2D projections of the joint 95% confidence region around the
parameters xlD = 309.2, ylD = 124.4 and = 4.086×10-5
Table 6.6. Individual and Joint 95% Confidence Intervals for the Base Case
95% Confidence Interval

xlD = 309.2
ylD = 124.4

= 4.086×10

Individual
lower bound

upper bound

lower bound

upper bound

-118.5

736.9

-300.6

919.0

-21.9
-5

Joint

3.804×10

270.7
-5

4.368×10

-84.2
-5

3.684×10

332.9
-5

4.488×10-5

The above methodology to obtain the confidence region is based on the linear
approximation of the least squares and may not be valid for the best-fit parameters.
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Another way for calculation of the confidence interval is to use Monte Carlo simulation.
With the measurement error distribution given, the synthetic data can be simulated and
many realizations can be obtained. The best-fit parameters are then evaluated for each of
the simulated data sets. The method may take a very long time, especially if the number
of data points is large. Monte Carlo simulation is applied to the base case using 180
realizations resulting in the confidence region shown in Figure 6.11 and Figure 6.12 (note
that only positive ylD values are shown here). The confidence interval is given in Table
6.7 and compared to the covariance based confidence limit. To enable comparison only
positive ylD values are considered for both the confidence intervals. The covariance based
confidence interval for the location parameters is found to be larger than the Monte-Carlo
based confidence region. This is expected as some extreme parameter sets have very
small probability to occur. For the leakage coefficient, however, the covariance based
confidence interval is slightly narrower than that from the Monte Carlo simulation.

Figure 6.11. Confidence region of the solution to the base case based on Monte Carlo
simulation
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Figure 6.12. 2D projections of the confidence region of the solution to the base case
based on Monte Carlo simulation
Table 6.7. Confidence Interval Obtained based on the Covariance Matrix versus the
Monte Carlo Simulation
Confidence
interval

Covariance Matrix based

Monte Carlo Simulation based

lower bound

upper bound

lower bound

upper bound

xlD

-300.6

919

-58.6

562.5

ylD

0

332.9

0

242.0



3.684×10-5

4.488×10-5

3.27×10-5

4.23×10-5

The confidence interval found here confirms that obtaining the leakage parameters may
be troublesome. In Chapter 7, design considerations are suggested to maximize the
information acquired from monitoring pressure data. This allows for the independent
evaluation of the leakage parameters within a narrowed confidence interval.

6.9 Conclusions
A leakage test to detect and characterize the leak through pressure monitoring is
presented. Pressure response to injection in the target aquifer is monitored in an upper
aquifer. The leakage pathway is located in an otherwise impermeable cap rock that
separates the two aquifers.
Inverse methodolgy is applied to a base case to evaluate the capability of the
simultaneous estimation of three leakage parameters: the leak transmissibility and the
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leak cartesian coordinates. It is shown that the sensitivity coefficients to the parameters
can be almost linearly dependent, especially for the location parameters. A high
correlation between the parameters is shown through the correlation matrix. This may
cause further instability and make independent evaluation of the parameters difficult.
Synthetic pressure data are generated considering a normally distributed noise of 70 Pa.
The pressure data are analyzed for estimation of the leakage parameters. Little
information on the leak location can be obtained from the pressure data, as the acceptable
leak locations vary over a very wide confidence interval. However, the leak
transmissibility can be evaluated within a narrower confidence interval.

Nomenclature
B
f
h
K0
K1
k
L
P
q
R
r
s
T
t
x
y






Water formation volume factor, vol. @ Res. cond./ vol. @ St. cond.
Least square objective function
Thickness, m
Zero-order modified Bessel function of the second kind
First-order modified Bessel function of the second kind
Permeability, m2
Monitor-injector distance, m
Pressure, Pa
Volumetric flow rate, m3/s
Leak-injector distance, m
Radius, m
Laplace transform dummy variable
Transmissivity = permeability × thickness, m3
Time, s
Abscissa of the location in Cartesian coordinate, m
Ordinate of the location in Cartesian coordinate, m
Leakage coefficient
Aquifer diffusivity coefficient =
permeability / (porosity × fluid viscosity × total compressibility) , m2/s
Viscosity, Pa.s
Leak-monitor distance, m
Standard error of measured pressure data, Pa

Vectors and matrices:
Parameters vector
x
Dimensionless measured pressure vector
Y
P
[C]

Calculated pressure vector
Covariance matrix

[J]
[F]
[]

Jacobian matrix
Inverse of the information matrix
([J]T[J])
Correlation matrix
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Subscripts:
D
Dimensionless
i
Initial
l
m
s
w

Superscripts:
T
Transpose
prime: ’ Shows the second set of leak
locations

Leakage
Monitoring well/aquifer
Storage aquifer
Well
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Appendix 6A. Sensitivity Coefficients
The Jacobian (sensitivity) matrix is made up of the sensitivity coefficients. For the
leakage problem parameterized by xT=[xlD, ylD, ], the derivative of the pressure with
respect to parameters xlD, ylD and  gives the first, second and third columns of the
Jacobian matrix, respectively. The derivatives are given by the equations below in the
Laplace domain:
PmD
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Appendix 6B. Uniqueness investigation
The dimensionless pressure at the monitoring well (in Laplace domain) is given by:
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Take a parameters vector: x=(RD,D,) that corresponds to a vector PmD. Is there any
other vector that the same data vector PmD can be generated from? Let’s assume that such
a vector exist: x’=(RD’,D’,’). We can then write:
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Consider the pressure data are available over the times: tDi, where i=1,2,…,I where I is
the number of measurements.
Knowing the property: PmD (atD ) 
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For i=1, 2, …,I
Letting ’=a. we can write:
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Rearrangement gives:
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Rearrangement and approximation of zero order modified Bessel function of the second
kind gives:
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The above can be written as:
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From which:
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This is an over-determined inhomogeneous system of equations that can be written in
matrix form as:
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In general, there is no solution for this system since the equations (rows) are linearly
independent. However, if a=1 the problem will be homogenous. Then the only solution to
the problem is the trivial solution:
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This simplifies to:
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The system of equations above now reduces to:
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The solution of which is:

 u  ln

RD ,1  exp 







 u  ln
RD ,2  exp 




 u  ln 

D 

D



2



2



  u  ln 

D 

D



v

4




(B15)

v

4




(B16)

v

4




(B17)

v

4




(B18)

2



2

The corresponding D is:

 u  ln
 D ,1  exp 







 u  ln
 D ,2  exp 






 u  ln 

D 

D



2



2

 u  ln 

D 

2

D



2



One of the above solutions will be identical to the RD and D. The other pair will be the
second set of distances RD’ and D’. Therefore, two different pairs of distances can be
obtained for same pressure data. Note the relationships between the two sets:

D ,2  D RD ,1 , D ,1  D RD ,2
Therefore, knowing one set of solutions (RD, D) the other can be obtained by:

(B19)
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Appendix 6C. Scaling
For the leakage problem, the sensitivity coefficient of parameter  is larger than those of
xlD and ylD by orders of magnitude. In practice, storing numbers up to about 16 digits of
precision is allowed, due to floating point arithmetic. If the condition number is more
than 1×1016, then there may be no accurate digits in the computer solution (Aster et al.,
2005). When numbers with different orders of magnitude are stored in a matrix, any
operation on the matrix is performed based on the truncated values. The following matrix
is an example of the information matrix without scaling:

 0.000000391924951 0.000000429300435 -0.001442742360128 
 J   J   10  0.000000429300435 0.000000470257481 -0.001580036257933 
 -0.001442742360128 -0.001580036257933 5.315923657213652 
T

6

while the scaled version corresponding to the above is:

 0.391924950715545 0.429300435312587 -0.144274236012787 
 J   J    0.429300435312587 0.470257480942950 -0.158003625793271 
 -0.144274236012787 -0.158003625793271 0.053159236572137 
T

The condition number for the above non-scaled and scaled matrices is 1.6×1014 and
3.17×107, respectively. The above matrices are encountered in the first iteration of the
LM method with respect to the base case. It makes a significant difference whether the
scaled or non-scaled matrix is transferred to the next iteration. The linear inverse problem
solved at the next iteration will be more singular for the non-scaled matrix.
When the orders of magnitude of the sensitivity coefficients are very different, scaling
can help to reduce the condition number significantly. For the base case, scaling the
sensitivity coefficients with respect to  by 1×10-8 (i.e. replacement of J by J×10-8)
reduces the condition number of the Jacobian matrix (evaluated at the true parameters) by
7 orders of magnitude (from 4.24×1010 to 1.65×103). The scaling should be done, so that
it minimizes the difference between the parameters’ sensitivity coefficients. One or more
of the sensitivity coefficients should then be scaled to ensure close orders of magnitude.
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The condition numbers of the Jacobian and information matrices are reduced as a result.
The sensitivity coefficients for parameters xlD and ylD have the same order of magnitude.
Thus, the scaling constant should be adjusted by comparison of the sensitivity coefficient
for parameter  to that of xlD or ylD.
In practice, the true parameters are not known. As such, scaling the sensitivity
coefficients should be performed interactively. For this work, the sensitivity coefficient
with respect to parameter  is updated at every iteration, by comparing it to the
sensitivity coefficients with respect to parameters xlD or ylD.
Newton-type minimization methods are scale invariant (Oliver et al., 2008). However,
some optimization algorithms (e.g. SD and CG) are scale dependent, even when using
infinite precision arithmetic. For such algorithms, interactive variation of the scale is
impractical. It should be noted that the matrix operations can be performed by evaluation
of the resulting matrix in elements. However, this can be computationally expensive and
difficult, particularly for large problems.
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Chapter Seven: DESIGN CONSIDERATIONS TO ENHANCE LEAKAGE
CHRACTERIZATION1
Abstract
The geological storage of carbon dioxide (CO2) provides the possibility of maintaining
access to fossil energy, while reducing emissions of CO2 to the atmosphere. One of the
essential concerns in geologic storage is the risk of CO2 leakage from the storage
formations. The leakage occurs through possible pathways in the seal. Characterization of
the CO2 leakage pathways from the storage formations into overlying formations is
required. The aquifer cap-rock may be characterized before CO2 storage. This will allow
for the determination of proper storage aquifers and locations for the injection wells. In
Chapter 6, a flow and pressure test has been suggested for characterization of leakage
pathways in aquifer cap-rock. Water is injected in the target aquifer, and the pressure is
observed in an overlying aquifer. The pressure data are analyzed to characterize the
leakage pathways in the cap-rock. In this work, design considerations to maximize the
capability of leakage characterization are presented.
A leakage pathway can be characterized by the leak transmissibility and location
parameters. A successful test should be able to provide sufficient information to evaluate
the leakage parameters. In this work, different strategies are evaluated in order to achieve
a successful test. The strategies include increasing the sampling frequency, use of
pulsing, increasing the number of monitoring/injection wells and utilization of prior
information. Prior information on the leak is provided through analysis of the pressure
derivative curve.
Estimation of the leakage parameters is actually an inverse problem that is generally illconditioned and very sensitive to noise. The information provided by different strategies
is evaluated, based on their effects on well-posing the inverse problem. The effects are
studied based on information and correlation matrices, as well as the confidence interval.

1

This chapter is a modified version of: Zeidouni M., Pooladi-Darvish M., 2010, Design Considerations to
Test Sealing Capacity of Saline Aquifers, Paper SPE 138179, Presented at 2010 Canadian Unconventional
Resources and International Petroleum Conference, 19th-21st October 2010, Calgary.
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7.1 Introduction
One of the main challenges facing development and deployment of CO2 capture and
storage in deep saline aquifers is the risk of leakage. The injected buoyant CO2 may leak
through the leakage pathways in an otherwise sealing cap-rock. In Chapter 6, a pressure
and flow test has been introduced to detect and characterize the leak based on pressure
data measured in an overlying aquifer. The leak is characterized based on location and
transmissibility parameters. In dimensionless form, these parameters are the
dimensionless abscissa of the leak (xlD), the dimensionless ordinate of the leak (ylD), and
the leakage coefficient  (klrl2/(2kshshl)). For convenience, the origin of the coordinate
system is considered to be at the (first) injection well, while the (first) monitoring well is
considered to be at (L,0) coordinates.
Applying the inverse methodology to a base case, it is shown that, due to relatively
linearly dependent sensitivity coefficients and a high correlation between the location
parameters, it may be difficult to obtain the leak parameters through pressure information
at a single monitoring well. The parameter estimation process may be very unstable,
causing the leakage parameters inferred from pressure data to vary over a very large
confidence interval. It is noted that the solution to the leakage inverse problem is nonunique. At least two and at most four leaks with the same transmissibility but different
locations exist that equally fit the data. After obtaining one set of parameters the
remaining possible sets can be calculated.
In this work, we investigate different strategies to maximize the information that can be
obtained in order to characterize the leak. The strategies include increasing the number of
data samples, use of injection pulses, considering multiple monitoring wells, considering
multiple injection wells, and regularization using information extracted from derivative
analysis. The information added through these procedures are investigated based on
information and correlation matrices, as well as confidence intervals.
The determinant of the information matrix ([J]T[J]) is a helpful indicator of the level of
information added through different practices. The determinant will be small as a result
of small sensitivity coefficients. Also, linear dependence causes the information matrix to
represent (almost) parallel curves, which leads to a smaller determinant. A small
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determinant is an indication of an ill-posed inverse problem. A larger determinant implies
availability of more information on the parameters to be estimated. (Ozisik, 2000; Aster
et al., 2005)
The strategies are tested through application to the base case used in Chapter 6. The
details of the base case properties are given in Table 7.1. The capability of obtaining the
leak parameters based on pressure data is investigated. The true leak parameters are
xlD=460, ylD=196, and =4.17×10-5. We consider a 100-day test duration, over which
2,400 pressure measurements (sampling frequency=1/hr) have been taken with equal time
intervals.
Table 7.1. The base case properties
kl, leak permeability (m2)
R, leak-injector distance (m)

150×10-15
50

, leak-monitoring distance (m)
hl, leakage interval (m)

35
24

rl, leak radius(m)

0.2

aquifers compressibility (1/Pa)

1×10-9

aquifers porosity(fraction)

0.1
0.5×10-3

, brine viscosity (Pa.s)
km, monitoring aquifer permeability(m2)

25×10-15

hm, monitoring aquifer thickness(m)
ks, storage aquifer permeability (m2)

10
100×10-15

hs, storage aquifer thickness(m)
q, injection rate into the storage aquifer (m3/s)

30
0.01

rw, injection well radius(m)

0.1

L, monitor-injector distance
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7.2 Sampling Frequency
Increasing the data sampling frequency may provide information on the leakage
parameters. The sub-second scanning rate of current pressure quartz gauges allows for
the acquisition of immense quantities of pressure data (Metrolog, 2010; Quartzdyne,
2010). However, increasing the pressure sampling frequency may be of little value, while
making the data more difficult to manage. In the following paragraphs, we consider that
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the data are acquired at equal time intervals. The number of measured data is varied from
I=240 (1 data per 10 hours) to I=240,000 (1 data per 36 seconds) for the base case.
In the absence of noise, adding more data (over the same time period) should not add
more information. This has been examined, and it was found that the performance of the
optimization is not affected by increasing the sampling frequency when the data are
noise-free. When the data are noisy, it is expected that adding more points adds more
information. The effect of adding more data can be examined by the time variation of the
determinant of the information matrix, [J]T[J], on the test duration time (100 days). This
is illustrated in Figure 7.1. The determinant of the information matrix is very small, due
to the linear dependence of the sensitivity coefficients for the parameters (especially xlD
and ylD). Increasing the number of data samples clearly adds more information.
Increasing the sampling frequency by one order of magnitude leads to almost three orders
of magnitude increase in the determinant. This result assumes, of course, that uncertainty
in the sensor measurements can be characterized as a perfectly uncorrelated spectrally
flat, “white” noise. In practice as one increases sampling frequency one would likely
begin to see sensor "drift" or other sources of error with power spectra that decrease with
frequency so that, in practice, there would be a physical limit to the gains from increasing
sampling frequency.

Figure 7.1. The determinant of information matrix considering different pressure
sampling frequencies
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The correlation coefficients for different sampling frequencies are given in Table 7.2. The
correlation coefficients show no improvement as a result of increasing sampling
frequency beyond 2,400 number of data.

Table 7.2. The correlation between leakage parameters for different sampling
frequencies. The correlation does not improve when the number of data exceeds
2400.
xlD and ylD

xlD and 

ylD and 

I=240

0.9992

0.9821

0.9887

I=2,400

0.9991

0.9810

0.9880

I=24,000

0.9991

0.9810

0.9880

I=24,0000

0.9991

0.9810

0.9880

Figure 7.1 also shows that the determinant increases logarithmically and it can be
significantly increased by increasing the test period, and that the rate of added
information increases with time. In other words, a test with a smaller signal (a lower
injection rate) over a longer time period may be preferred to a shorter test with a larger
signal.

7.3 Pulsing
The leakage test can also be performed similar to a pulse test (Bourdet, 2002). The test
can include a series of injection and shut-in periods, rather than injection at a constant
rate over the entire test period. Let us consider a test where the injection rate and the
duration of each injection period are the same. The added information resulting from such
a “pulse leakage test” are evaluated. We consider that the duration of the injection and
shut-in periods are the same. Four different injection scenarios are examined. Scenario#1
is the same as the base case, where the injection rate is constant (864 m3/day) for 100
days. For Scenario#2, a 50-day shut-in period follows a 50-day injection period with a
rate of 1,728 m3/day. In Scenario#3, injection is performed at a rate of 1,728 m3/day over
two 25-day injection periods that are followed by 25 days of shut-in. Finally, for
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Scenario#4, water is injected at 1,728 m3/day for 4 injection periods of 12.5 days, which
are separated or followed by shut-in periods of 12.5 days. For all scenarios, the pressure
in the monitoring well is monitored for 100 days, over which the cumulative injected
water is the same (86,400 m3).

The information added due to variation of the rate is illustrated in Figure 7.2, using the
determinant of the information matrix at the true parameters. Consideration of 4 injection
and 4 shut-in periods causes the determinant to increase by more than one order of
magnitude, compared to the constant injection rate over the entire monitoring period. The
correlation coefficients between each pair of parameters for Scenarios#1 to 4 are given in
Table 7.3. The correlation coefficients generally reduce helping independent evaluation
of the parameters. Note that the location parameters are still highly correlated.

Figure 7.2. Determinant of the information matrix for different pulsing scenarios
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Table 7.3. The correlation between leakage parameters for different pulsing
scenarios. The correlation generally reduces as the number of injection/shut-in
periods increase.
xlD and ylD

xlD and 

ylD and 

Scenario#1

0.9992

0.9821

0.9887

Scenario#2

0.9992

0.9818

0.9882

Scenario#3

0.9990

0.9785

0.9864

Scenario#4

0.9988

0.9754

0.9848

The pressure change due to a series of injection and shut-in periods can be evaluated
using the superposition principle. Synthetic pressure data are generated and polluted with
70 Pa normally distributed noise for the different scenarios (Figure 7.3).

Figure 7.3. Synthetic pressure data for Scenarios#1 to 4
In the following paragraphs, we show that, given Scenario#4 pressure data, the parameter
estimation is improved compared to Scenario#1. Using the Levenberg-Marquardt (LM)
method, the best-fit parameters for Scenario#4 are found to be xlD=341.1, ylD=146.5 and

194

=4.125×10-5. Since normally distributed noise is considered here, we use the covariance
matrix at the best-fit parameters to evaluate the 95% confidence interval (Press et al.,
1989). The true parameters lie within such an interval with 95% probability. The
confidence interval is shown in Figure 7.4, with its two-dimensional (2D) projections
presented in Figure 7.5. Due to the close to unity correlation between the parameters, the
confidence ellipsoid is inclined at an angle close to 45 degrees.
Based on Figure 7.4 and Figure 7.5, the confidence intervals for the leakage parameters
based on Scenario#4 data are given by xlD Є {152.5, 529.7}, ylD Є {63.9, 229.1},  Є
{4.003×10-5, 4.247×10-5}. The confidence intervals of the base case considering pressure
monitoring during 100 days of injection period (Scenatio#1) are given by xlD Є {-300.6,
919}, ylD Є {-84.2, 332.9},  Є {3.684×10-5, 4.488×10-5}. Comparison of these ranges
shows that the confidence intervals for parameters xlD, ylD and  are reduced by 69, 60
and 70 percent, respectively, as a result of considering four injection/shut-in periods.

Figure 7.4. 95% confidence interval for the best-fit parameters for Scenario#4
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Figure 7.5. Projections of the 95% confidence interval for the best-fit parameters
7.4 Multiple Monitors
The influence of obtaining pressure data from more than one monitoring well is
investigated. By adding such data, a unique solution to the exact problem can be achieved
given that at least one new monitoring point is off the original injector-monitor line. The
data can also help stabilize the problem and narrow the confidence interval. The effect of
such data is investigated for the base case. The effect depends on how far the newly
selected monitoring wells are from the leak. In practice, the leak location is unknown;
therefore, one may not have control over the distances between the monitoring points and
the leak. We regard that all the newly considered monitors are closer to the leak than the
first monitoring well. Thus, all the new monitoring points provide more information on
the leak compared to monitoring well #1.
The goal is the investigation of how increasing the number of wells adds to the
information. The multi-monitor configuration is shown in Figure 7.6. The capability of
obtaining the leakage parameters based on the pressure data at monitoring well #1 has
been investigated. It is assumed that complimentary data from up to four extra monitoring
wells are available and are taken over the same time span with the same time spacing.
The monitoring points are spatially located 5 meters apart on a line perpendicular to the
original injector-monitor connecting line. Such a line may correspond to the trajectory of
a horizontal well drilled perpendicular to the line connecting the injector to the first
monitoring point.
To incorporate the multi-monitoring well data, the objective function is modified as
below:
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T
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(7.1)
(7.2)

(7.3)

Figure 7.6. Problem modification by adding more monitoring locations
where M is the number of monitoring points, and I is number of measurements at each
point. As a result, the Jacobian matrix [J] is given by:
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(7.4)
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Stabilization of the problem due to the addition of data from the extra monitoring points
is investigated using the determinant of the information matrix at the true parameters
(Figure 7.7). The determinant is increased by almost 5 orders of magnitude, as a result of
integrating the pressure data from 5 monitoring wells. The most significant improvement
comes by increasing the number of wells from 1 to 2, which results in an increase of the
determinant by 4 orders of magnitude. Note that the determinant was scaled to remove
the effect of the size of the Jacobian matrix.

Figure 7.7. Determinant of the information matrix for multi-monitor problem
The correlation coefficients considering different numbers of monitoring wells are given
in Table 7.4. The correlation coefficient between the location parameters is reduced, such
that the parameters became more negatively correlated as the number of monitoring wells
increased. The correlation between the location parameter, xlD, and the leakage
coefficient follows a similar trend. However, the correlation between ylD and  may
decrease or increase as a result of the added data of more monitoring wells. The reason
for non-monotonic change in the correlation coefficients is related to the relative changes
in the diagonal versus off-diagonal elements of the covariance matrix. The magnitude of
the correlation coefficients are generally less than those for the single monitoring well
case. This implies that the confidence interval for each parameter is less affected by that
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of the other parameter, while the convergence of minimization is improved. A lower
magnitude of the correlation coefficients suggests that the individual confidence limit is
closer to the joint confidence interval. Approximating the joint confidence interval by the
individual confidence interval will be useful in the analysis towards locating a horizontal
monitoring well (see §7.7 below).
Table 7.4. Correlation coefficients between leak parameters for multi-monitor cases
xlD and ylD

xlD and 

ylD and 

1 Monitor

0.9992

0.9821

0.9887

2 Monitors

-0.0074

-0.4343

0.8986

3 Monitors

-0.4912

-0.7621

0.9316

4 Monitors

-0.7068

-0.9011

0.9349

5 Monitors

-0.7626

-0.9477

0.9153

The confidence interval can be used to illustrate the improvement resulting from
increasing the number of monitoring wells. For this purpose, the synthetic pressure data
at the monitoring points are obtained based on the forward model and polluted with
normally distributed 70 Pa noise for the base case (Figure 7.8). The pressure trends are
very similar and close to one another.

Figure 7.8. Synthetic pressure data for the base case at different monitoring
locations
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The LM method is used to obtain the parameters that provide the closest modeled results
to the measured data. The best-fit parameters are found to be xlD=466.6, ylD=190.6 and

=4.151×10-5. The covariance matrix is evaluated and the 95% joint confidence interval
is obtained (Figure 7.9 and Figure 7.10). There is a 95% chance that the true parameters
lie within the intervals of xlD Є {454.0, 479.2}, ylD Є {183.3, 197.9} and  Є {4.124×10-5,
4.178×10-5}. Compared to the single monitoring case, significant improvement is gained.
The confidence intervals for parameters xlD, ylD and  are reduced by 98, 97 and 93
percent, respectively, when considering 5 monitoring wells compared to the single
monitoring well case. Considering only 2 monitoring wells, the confidence interval
reductions for xlD, ylD and  are 96, 90 and 87 percent, respectively, compared to the
single monitoring case (confidence interval is not shown here for brevity).

Figure 7.9. 95% confidence interval for the best-fit parameters considering 5
monitoring wells
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Figure 7.10. Projections of the 95% confidence interval for the best-fit parameters
considering 5 monitoring wells

7.5 Multiple Injectors
We evaluate the provided information when injection occurs through more than one
injection well. Based on the superposition principle, the overall pressure rise at the
monitoring well is the sum of the pressure rises caused by each injection well. In the
following paragraphs, the information provided by 5 injection wells is examined for the
base case. The locations of the injection wells are shown in Figure 7.11. All the
additional injectors are closer to the leak than injector 1.
The injection wells are injecting at a constant and equal rate for a total of 864 m3/day.
The determinant of the information matrix must be scaled to consider the difference in
the injection rate for the different scenarios. The determinant is plotted in Figure 7.12 for
different numbers of injection wells. Increasing the number of injectors from one to two
provided only a small improvement. However, increasing the number of injectors does
not necessarily help. The amount of information provided by injecting the water through
injectors 1 and 2 is more than that of the situation where all 5 injectors are used for
injection.
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Figure 7.11. Multiple injector configuration

Figure 7.12. Determinant of the information matrix for different numbers of
injection wells
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The correlation coefficients for different numbers of injectors are given in Table 7.5.
Increasing the number of injectors can provide some information on the resolution
between the location parameters that are highly correlated for a single injection well
scenario. However, the reduced correlation is not significant, and it is accompanied by a
slight increase of the correlation of the location parameters with the leakage coefficient.
Table 7.5. Correlation between leakage parameters considering multiple injectors
xlD and ylD

xlD and 

ylD and 

1 injector

0.9992

0.9821

0.9887

2 Injectors

0.9990

0.9822

0.9894

3 Injectors

0.9988

0.9823

0.9901

4 Injectors

0.9987

0.9825

0.9907

5 Injectors

0.9986

0.9826

0.9911

The confidence intervals for different numbers of injectors are evaluated, considering the
best-fit parameters for all the cases are to be the same as those for the single injector case.
The 95% joint confidence region for different cases is summarized in Table 7.6. The
confidence interval results confirm the observations from the information and correlation
matrices. The confidence interval shrinks slightly, as a result of increasing the number of
injectors from two to three. However, as the number of injectors is increased further, the
confidence interval either does not improve (for ) or widens (for ylD). It should be noted
that no pressure data are acquired at the injection wells. If such data are available,
potentially the data may contain more information on the leak.
Table 7.6. 95% confidence intervals for multiple injectors cases
Confidence
Interval

xlD
Lower

Upper

ylD
Lower


Upper

Lower

Upper
-5

4.488×10-5

1 injector

-300.6

919.0

-84.2

332.9

3.684×10

2 injectors

-280.9

899.4

-67.6

316.4

3.685×10-5 4.487×10-5

3 injectors

-270

888.4

-65.1

313.9

3.686×10-5 4.486×10-5

4 injectors

-269.4

888.1

-82.4

331.7

3.686×10-5 4.486×10-5

5 injectors

-282

901.1

-130.3

379.1

3.686×10-5 4.486×10-5
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It should be noted that there is an upper limit for the injection rate which corresponds to a
fraction (usually 90%) of the reservoir fracture pressure of the formation. Step-rate tests
can be conducted to find the maximum allowable injection pressure without inducing
formation failure (US DOE/NETL, 2009). Heller and Taber (1986) presented the
following correlation to estimate the fracture pressure (Pa) in absence of field data:





Pf     e  d d

(7.5)

where =4.36*10-4/m, =9.24 kPa/m, and =22.62 kPa/m and d is depth in m. Equation
(7.5) simplifies to C.d where for a practical CO2 storage applications (depths of 700-3000
m), C varies between 15.8 to 20 kPa/m.
Once the fracturing pressure is evaluated, the maximum allowable pressure rise can be
found by:

Pmax  0.9 Pf  Ps ,i

(7.6)

The pressure increases with time during the test. As such, Pmax corresponds to the
maximum pressure rise allowed at the end of test. To find the maximum injection rate
corresponding to Pmax we can write:
qmax 

4 k s hs
B

Pmax
   c r 2 
 Ei  s t w 
 4k s t 

(7.7)

In this equation t is the duration of the test (end of water injection). As shown above,
increasing the number of injection wells while the injected volume is fixed does not
improve the leak parameters’ estimation while it increases the cost considerably. As such
one should inject the most possible rate through a single well.

7.6 Regularization Using the Findings of a Pressure Derivative Plot
The stabilization of an inverse problem by imposing one or more constraints is referred to
as regularization. The constraints may be obtained using the information available
through the projection of the solution in different form. Such constraints may be available
for the leakage problem based on the pressure derivative.
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7.6.1 Graphical Method
An asymptotic solution is derived that closely match the exact solution at a late time
period (§4.4). For large time values the time-dependent coefficient C(tD) will be
dominated by the first term simplifying to:
C  tD  

1
  2  ln  4tD 

(7.8)

Taking the derivative of the dimensionless monitoring pressure w.r.t. ln(tD) considering
the above definition of C(tD) we get:
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(7.9)

As a result:

1
1  2 1  TD 

dPmD
d ln tD

Therefore, plotting
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(referred to as LHS hereafter) versus log(tD) we

can obtain a linear behaviour at the late time period. The slope (m) and intercept (b) of
the line fitted data will give:
2.303b
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(7.12)
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As such, the parameter  and a group including RD and D can be obtained graphically.
Such a graph is plotted for the base case in Figure 7.13. Care should be taken in the
calculation of the derivative, since the noise is amplified in the differentation process.
The numerical differentation using two adjacent points leads to very noisy derivative
plot. To reduce the noise, two adjacent points that are separated by a differentation
interval are used (Horne, 1995). The differenation interval is taken as 0.7 of a log-cycle in
Figure 7.13.

Figure 7.13. The LHS with respect to the logarithm of dimensionless time for the
base case
Based on Figure 7.13, the following estimation can be made:



0.9968
 2  2 ln  2   3676.0    4.182 10 5
0.0002711
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1
7.352 108

(7.14)

or:

  xlD  750  2  ylD 2  
 3676.0  ln 
  3676.0  ln xlD 2  ylD 2



0.25








   1.360 10

7

(7.15)
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The estimated leakage coefficient is very close to the true value. The true value for the
group incorporating xlD and ylD given by Equation (7.15) is 1.361×107 which is only
slightly different from the estimation.

7.6.2 Stabilization of the Leakage Problem
In the following the information obtained from the derivative plot are integrated with the
pressure data to ease the estimation of location parameters. We use the estimated leakage
coefficient from the graphical estimation in all calculations. The number of unknown
parameters is now reduced to two location parameters. Let the information obtained from
the graphical method based on the derivative plot be:

  x  750 2  y 2  
lD ,0
lD ,0
   0  ln xlD ,0 2  ylD,0 2
g0    0  ln 


D











(7.16)

The objective function to be minimized is in the form of:
T

f ( x) 

Y  PmD ( x )   Y  PmD ( x )  
w  g  g   w  g  g  
 1 0
  1 0


(7.17)

with:

  xlD  750 2  ylD 2  
   0  ln xlD 2  ylD 2
g    0  ln 



D










(7.18)

where w1 is a weighting factor to be adjusted, so that the new information and available
data contribute approximately equally to the objective function. The weighting factor is
iteratively changed, so that, at every iteration, contribution of the additional data is
similar to that of the pressure data. The accuracy of the additional information should be
considered in assigning the weighting factor. If there is evidence that the added
information is not accurate, the weighting should be reduced. The weighting factor can be
reduced iteratively, so the estimated parameters will be affected by the additional
information, while still resembling the data.
By minimization of the above objective function, one can make sure that the solution is
constrained by the findings of the graphical method. Based on the above objective
function (Equation (7.17)), the Jacobian matrix is modified to:
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[ J ( x )]
[ K ( x )]   g 
 w1 
 x 

(7.19)

In expanded form:

 PmD ,1
 x
 lD
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 xlD
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where:
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 Y  PmD ( x )  
Replacement of the Jacobian matrix [J] and Y  PmD ( x )  by [K] and 
,
 w1  g 0  g  
respectively, allows the modification above to be applied to any of the iterative
optimization algorithms.
The above methodology is applied to the base case. Initialization of the LM method at
different points allows different sets of parameters to be obtained. The reason is that the
weighting factors change, when the initial guess is changed. Also, because of the
regularization, the confidence interval can no longer be obtained from the analysis of the
covariance matrix. Monte Carlo simulation is utilized to obtain the confidence interval.
The measurement data are simulated knowing the error characteristics. The resulting
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best-fit parameters are then mapped to give the confidence interval (Figure 7.14). The
best-fit parameters are now clearly following a trend to match the prior information. It
should be noted that the true parameters do not lie on the trend because of the solution
biasness. The confidence interval of the location parameters is compared for the
regularized versus the non-regularized problem in Table 7.7. It appears that now the
confidence limit for parameters xlD and ylD is reduced by 72 and 82 percent, respectively
compared to non-regularized problem. The problem is now stabilized at the cost of
biasness. Although the confidence interval of the location parameters includes the true
parameters in this case, in general there is no guarantee that the confidence interval
includes the true solution anymore. Also, it should be noted that different leakage
coefficient values may be obtained for different realizations of the data. As a result,
different ranges for the location parameters can be obtained. It has not been examined to
see whether superimposing the confidence intervals for different realizations leads to the
same or smaller confidence interval compared to that considering the pressure data only.

Figure 7.14. Confidence interval for the base case utilizing derivative information
through Monte Carlo simulation
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Table 7.7. Monte-Carlo based confidence interval for non-regularized versus
regularized problems
Non-regularized

Regularized

Lower Bound

Upper Bound

Lower Bound

Upper Bound

xlD

-58.6

562.5

382.0

553.0

ylD

0

242.0

180.6

224.2

7.7 Placement of the monitoring well(s)
As shown above drilling a horizontal monitoring well where the pressure is measured
along its trajectory at several points would be a very useful strategy in characterization of
the leak. In the following, we discuss locating the monitoring well given a specific
trajectory as shown in Figure 7.6. The search for the leak may be over a region between
the injector and the monitoring well. We limit the search to a situation where the leak is
located between the injector and monitoring wells on the line connecting the first
monitoring point to the injector (Figure 7.15). The question would be that what should be
the monitor-injector distance (L) to enable characterization of the leak. A very small
and/or far away (from the injection well) leak may not be of interest as it may cause zero
or small CO2 leakage. The following questions rise consequently: 1. what is the area out
of which the leak may not be important? 2. what is the leakage rate above which leakage
is considered hazardous. Answering the first question determines the maximum distance
of the monitor from the injector, while addressing the second question concludes whether
the distance should be shortened to ensure sufficiently accurate leak characterization (for
the leak of interest).
Monitor 5 (L,20)
Monitor 4 (L,15)
Monitor 3 (L,10)
Injector (0,0)

Leak (L/2, 0)

Monitor 2 (L,5)
Monitor 1 (L,0)

Figure 7.15 Conceptual model (not to scale) to locate the horizontal monitoring well
considering a leak between the monitoring and injection wells on the line connecting the
first monitoring point to the injection well.
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We assume that brine leakage through pathways out of the CO2 plume may not have
detrimental effects on shallow aquifers. Thus, the area of interest (the area over which the
leak should be detected) is where the CO2 plume can reach during the injection period.
Considering a smooth interface between the injected CO2 and the brine and horizontal
formation an estimate of the CO2 plume size can be obtained (Nordbotten et al., 2005;
Mathias et al., 2008):

r

w
q
t
 hs 1  S w,irr  CO 2

(7.23)

Gasda et al. (2008) studied the effect of the slope on CO2 plume migration. It is shown
that movement of the centroid of the CO2 plume in the upslope direction is directly
proportional to the buoyancy (.g), permeability, and the slope while it is inversely
proportional to the porosity and CO2 viscosity. In the following, the aquifer is considered
horizontal and equation (7.23) is used to estimate the CO2 plume size. The plume size is
calculated after 30 years of injection in the 30 m thick target aquifer of the base case at a
1 MtCO2/year rate. Assuming 1000 m depth, initially hydrostatic pressure (100 bars) and
45 C temperature at the target aquifer, CO2 density would be equal to 542 kg/m3. As
such, the sandface injection rate of CO2 is 0.058 m3/s in response to which the plume size
after 30 years of injection is about 13 km (Equation (7.24)). In the calculations we
considered the irreducible brine saturation to be 0.3.
r

0.058
0.82
(30  365  86400)  13060 m
 (30)(0.1)(1  0.3) 0.04

(7.24)

It is reasonable to limit the search for leakage pathways to the area to be covered with the
plume size over the injection period. The pressure reaches its highest levels and the risk
of leakage is maximum during the injection period.

Extension of the CO2 plume

decelerates after this period and the pressure levels start declining.
Underground leakage of small amounts of CO2 may not be considered as hazardous.
Performance standards are not yet established to set a maximum on the level of CO2
leakage. The IPCC special report concluded that retention rate is likely to exceed 99%
over 1000 year. This is equivalent to 0.001% /year leakage rate. However, as discussed
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by Hepple and Benson (2005) leakage rates as large as 0.01%/year would warrant
efficient storage. This leakage rate may be still very high if concentrated in small area.
However, this leakage will likely be distributed over multiple leakage pathways. Also,
leaked CO2 will spread horizontally (and partially trapped) in intersecting formations
along its vertical migration toward the surface. In the following we consider 0.01%/year
leakage rate which is equivalent to leakage rate of q=4150 m3/day at standard conditions
considering 30 years of CO2 injection at a rate of 1 Mt/year (qlD=0.003) as threshold
beyond which the leak is considered as hazardous. Characterization and remediation of
such leakage would be required to ensure storage safety. The leakage can occur through
a number of less transmissible leaky pathways. It is important to reflect on the number of
leaky events in the calculations. Considering three potential leaky wells over the area of
interest the threshold leakage rate reduces to qlD=10-3 for the base case.
A leakage pathway can be a conduit for both CO2 and brine to migrate to upper
formations. Also, the leakage rate increases with time reaching a plateau. To obtain the
most risky situation for a given leak we consider that only CO2 leaks and at its maximum
rate (reached at the end of the injection period). Pure CO2 leakage implies the presence of
CO2 over the whole thickness of the aquifer (neglecting the irreducible brine saturation).
Such a situation can be approximated using our single-phase model. The brine is replaced
with CO2 and the leakage rate is evaluated at the end of CO2 injection period. We
consider that the upper aquifer shows no resistance to flow (TD∞) to maximize the
leakage rate (See § 4.5). This approach will give the maximum possible CO2 leakage rate
through a leakage pathway.
The maximum leakage rate depends on the leak and aquifer properties. Let a 0.1 m radius
leaky well with permeability kl to be located at distance R from the injection well. Let the
properties of the storage aquifer to be the same as those given for the base case. Variation
of the maximum leakage rate versus R is shown in Figure 7.16 considering the leak
permeability varying between 0.1 to 1000 Darcy. Based on Figure 7.16 the leaky well
may be considered hazardous if its permeability exceeds 3 Darcy. However, even 10
Darcy leak may be considered secure if located 9 km away from the injection well. We
consider 3 Darcy as the permeability threshold beyond which the leaky well may be
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considered as hazardous. Note that the pressure dependence of the CO2 properties is
ignored in the above calculations. All CO2 properties are evaluated at the largest
allowable pressure (0.9×Pf ≈ 150 bar) which will be the injection well pressure at the
time of maximum leakage. For P =150 bar the CO2 viscosity and compressibility are
0.06 cp and 2.7×10-8/Pa respectively. The fracture pressure (Pf ) is calculated based on
Equation (7.5) considering 1000 m depth.

Figure 7.16. Maximum leakage rate versus leak-injector distance considering
different leak permeabilities. A leaky well with permeability larger than 5 Darcy
can be considered as hazardous.
A monitoring well located within the area of interest does not necessarily provide
sufficient information on a hazardous leakage pathway. Sufficient information is obtained
when the leak parameters can be evaluated within a narrow confidence interval. A larger
signal to noise ratio allows estimation of the leakage parameters with higher certainty.
Considering a fixed gauge resolution, the error of the leakage parameters increases as the
location of the monitoring well gets farther from the injection well (while the leak
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location fixed). Elements of the covariance matrix considering the true leakage
parameters can be used to evaluate the 95% individual parameter error. For convenience,
in the following analysis we use individual parameter error although it may be smaller
than the joint error (see Chapter 5, Section 8.2). A parameter error threshold should be
introduced beyond which the estimation is no longer acceptable. Errors larger than the
threshold show that the monitoring well is too distant from the injection well.
To demonstrate locating the monitoring wells, we consider the aquifers configuration of
the base case along with the leak and monitoring well configuration given in Figure 7.15.
We modify the location of the leak to be half-way between the first monitoring point and
the injection well (xl=L/2 , yl=0). Gauge resolution is fixed at 0.02 psi (140 pa). Pressure
is monitored for 100 days in response to injection at 0.01 m3/s water in the target aquifer.
The leaky well radius and permeability are 0.1 m and 3 Darcy respectively. In the
following the error (for each of the leak parameters) caused by increasing the distance L
is studied. Note that varying distance L, the location of all monitoring points increases
such that they become farther from the injection well as well as the leak. The monitoring
points are spatially located 5 meters apart on a line perpendicular to the line connecting
the first monitoring point to the injector.
Figure 7.17 shows the variation of the leak parameters versus distance L. The error in the
leak permeability is less than 100 mD even for monitoring points located 3 km away
from the injector. However, the error in the location parameters increases rapidly
reaching over 30 m in the y-coordinate of the leak for L=1 km. 10 m error for the leak
location coordinates may be reasonable. By knowing the location within 10 m, one can
inject a gel or create a pressure barrier (Reveillere and Rohmer, 2010) around the leak for
remediation. The leak location parameters are obtained within this range considering
L=0.6 km.
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Figure 7.17 Variation of the parameters error with increasing the distance between
the first monitor and the injector considering a leak half-way between the injector
and the first monitoring point.
The leak permeability considered in the above example may be low and one may search
for larger permeability anomalies. Increasing the permeability threshold the injectormonitor distance can be increased. For instance, if the leak permeability of the above
example is increased to 100 Darcy the errors will be as shown in Figure 7.18. Based on
Figure 7.18 the leak location coordinates can be estimated within 10 m accuracy for a
monitoring well located 2 km away from the injector.

Parameter error
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Figure 7.18. Variation of the parameters error with increasing the distance between
the first monitor and the injector considering 100 Darcy leak permeability.
The above discussion shows that locating the monitoring well at the edge of the plume
extent boundary may not provide the information required to infer the leak properties.
One can direct the monitoring well toward the injection well. Even in such a case the
monitoring well has to get relatively close to the injection well. “How close it should get”
remains a design question that should be studied considering the monitoring well
configuration, number of monitoring points, geological settings and leak permeability
threshold.

7.8 Summary and Conclusions
Analysis of the pressure data at a single monitoring well, in response to injection at a
constant rate through a single injection well, shows that leakage characterization based on
pressure measurement may be difficult. In this work, different strategies to enhance the

Parameter error (Darcy)
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leak characterization capability are studied. The strategies include increasing pressure
sampling frequency, use of pulsing, increasing the number of monitoring and/or injection
wells, and utilization of prior information that may be available through pressure
derivative analysis. The strategies are tested through application to a base case; and, as
such, the results may not be applicable for very different situations. However, the
methodology used here can be applied to any case to maximize the information on the
leak parameters.
The number of data points over the same monitoring period (100 days) is increased,
considering a constant time interval between the data. It is shown that sampling the
pressure at a higher rate can provide more information on the leak parameters.
Rather than injecting at a constant rate, a series of injection and shut-in periods are
considered. The monitoring period and cumulative injected fluids are kept constant,
considering the duration of the injection and shut-in periods to be equal. It is shown that
such pulsing can provide more information on the leak for the case studied. Increasing
the number of pulsing (or shut-in) periods helps in leakage characterization. However, if
the error involved in pressure measurement is larger than the overall pressure change
between two consecutive pulses, the pulsing may not help.
The number of monitoring/injection wells is increased. Increasing the number of
monitoring wells was found to provide very useful information on the leak parameters.
The time delay in sensing the leak for different monitoring points improves the parameter
estimation considerably. It is found that there is a threshold for the number of injection
wells, beyond which increasing the number of injectors may deteriorate the condition for
leakage characterization. It should be noted that no pressure data are acquired at the
injection wells.
A graphical method is introduced to obtain information on the leak parameters by
plotting a function of the pressure derivative (w.r.t. logarithm of time) versus logarithm
of time. With the aid of this graphical method the leak parameters are estimated in a twostep procedure. First, the intercept and slope of line-fitted graph at late-time period are
used to estimate the leakage coefficient and obtain prior information on the leak location.
Next the estimated leakage coefficient and the prior information are used to estimate the
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leak location. Using this method proved to be very effective in estimation of the leakage
parameters. The leakage coefficient is closely estimated while the confidence interval is
narrowed considerably. However, the solution is now biased due to error in the prior
information.
In summary, based on the strategies discussed, increasing the number of monitoring wells
combined with pulsing provides very useful information on the leak for the base case.
Also, using the pressure derivative calculations in a two-step manner can be very useful
for determination of the leak parameters.
Placement of a horizontal monitoring well is discussed considering the base case
aquifers’ properties. Considering the maximum allowable leakage rate to be 10-4/year
occurring through three leaky wells, a permeability threshold (3 Darcy) is obtained.
Leaky wells with permeabilities lower than 3 Darcy are assumed to be of no importance
to characterize. For the base case, a monitoring well as close as 600 m to the injection
well is required to enable characterizing such a leak within an acceptable confidence
limit.
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Nomenclature
f
h
k

Least square objective function
Thickness, m
Permeability, m2

L

Monitor-injector distance, m

P
q
R
r
T
t
w1
w2
x
y




Pressure, Pa
Volumetric flow rate, m3/s
Leak-injector distance, m
Radius, m
Transmissivity = permeability × thickness, m3
Time, s
Weighting factor for prior information on RD.D
Weighting factor for prior information on a
Abscissa of the location in Cartesian coordinate, m
Ordinate of the location in Cartesian coordinate, m
Leakage coefficient
Euler constant=0.5772…
Aquifer diffusivity coefficient =
permeability / (porosity × fluid viscosity × total compressibility) , m2/s
Viscosity, Pa.s
Leak-monitor distance, m
Standard error of measured pressure data, Pa





Vectors and matrices:
Parameters vector
x
Dimensionless measured pressure vector
Y
Calculated pressure vector
P
Subscripts:
D
Dimensionless
i
Initial
l
Leakage
m
Monitoring well/aquifer
s
Storage aquifer
w
Well
M
Number of monitoring points
0
Prior estimation

[J]
[]

Jacobian matrix
Correlation matrix

Superscripts:
T
Transpose
prime: ’
Shows the second set of leak locations
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Chapter Eight: CONCLUSIONS AND RECOMMENDATIONS
This dissertation has presented analytical and inverse modelling approaches with
applications to the geological storage of CO2 in saline aquifers. The contributions can be
divided into three parts including: analytical modelling of salt dry-out during CO2
injection in saline aquifer, developing single phase analytical models to evaluate pressure
change in response to leakage, and solving leakage inverse problem to deduce leakage
pathway characteristics through monitoring the upper zone pressure.
Analytical modelling of salt dry-out due to vaporization of the brine by injected CO2 is
presented in Chapter 2. Sensitivity of salt dry-out and extension of the CO2 plume to
different aquifer parameters is analyzed in Chapter 3. In Chapter 4 forward analytical
models to evaluate leakage rate and pressure change in response to leakage are
developed. Various optimization methods and inverse modelling techniques to solve the
leakage inverse problem are presented in Chapter 5. Leakage characterization through
single monitoring well in Chapter 6 concluded that more information is required to
enable solving the inverse problem. Different measures to maximize the information on
the leak are presented in Chapter 7.
In the following, a summary of the work and the findings of this dissertation are
described in more details.

8.1 Salt dry-out
When CO2 is injected in a saline aquifer it dissolves in the brine while it vaporizes water.
Vaporization of the brine leads to salt dry-out which can affect the permeability and
reduce injectivity. A 1D radial analytical model is developed to predict the amount of salt
precipitation and the region over which it occurs. The model assumes homogeneity, no
diffusion/dispersion, no capillary and/or gravity forces, non-reactive rock, local phase
equilibrium, and constant pressure and temperature. Due to immobility of the precipitated
salt, we started with two-phase two-component approximation of the three-phase threecomponent flow system. The two-phase two-component analytical model presented by
Orr (2007) is adopted to derive radial form and a graphical method to find the solution is
presented. The solution is comprised of two shocks and a rarefaction connecting three
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regions: dry-out region, two-phase equilibrium region, and native (fresh) brine region. It
is shown that the salt precipitation occurs only in one of the regions referred to as dry-out
region and an equation is developed to evaluate its amount. The model is corroborated
versus results of numerical simulation where close agreement is achieved. The analytical
model also predicts the maximum radius of the CO2 plume in the aquifer under model
assumptions. Salt dry-out is translated into a time-varying skin factor based on
permeability-porosity relationships available in the literature. For cases studied, salt
saturation was a few percent (of the pore volume). The loss in injectivity depends on the
degree of reduction of formation permeability with increased salt saturation. For
permeability-reduction models considered here, the loss in injectivity was not severe.
However, one limitation of the model is that it neglects capillary and gravity forces, and
these forces might increase salt precipitation at the bottom of formation particularly when
injection rate is low.
In Chapter 3, the analytical model is used to study the sensitivity of salt precipitation and
the plume size to different parameters including: aquifer pressure, temperature, salinity,
and relative permeability functions. The results suggest that the salt precipitation is most
sensitive to the salinity and aqueous phase relative permeability curve, whilst it is least
sensitive to the pressure and temperature. It is also found that the effect of volume
change upon mixing on the solid salt saturation is negligible especially at higher
pressures. The plume size found to be most sensitive to the pressure and aqueous phase
relative permeability curve while it is less sensitive to the salinity and irreducible brine
saturation.

8.2 Leakage forward model
In Chapter 4, single-phase analytical models are developed considering that aqueous
fluids are injected at a constant rate in the target aquifer. The target aquifer is separated
from an upper aquifer through a leakage pathway which covers the whole thickness of
aquifers. Leakage rate and corresponding pressure change in the target and upper aquifers
are evaluated. The exact analytical solution is presented in Laplace domain. In departure
from previous works on the topic which are based on the line-source approximation, our
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exact solution considers finite leak size in all modelling components. The Laplacedomain solution was inverted into real-time through late-time approximations, series
expansion and truncation. From the real-time solution we found that a steady-state
leakage rate may be achieved which only depends on transmissivity ratio of the aquifers
and is independent of the leak properties. This asymptotic solution explicitly shows how
various parameters affect the leakage rate and pressure change. A solution considering no
resistance to flow is also obtained which determines the maximum rate of leakage
through a leak. Through application to example problems, it is shown that our analytical
solutions results in noticeable improvement compared to earlier analytical models when
the leak is large.
The effect of leak size versus leak transmissibility on monitoring pressure is analysed. An
inequality is introduced to find the conditions where leak size affects the pressure
independently. It is found that independent effect of leak size may be negligible for small
leakage coefficient cases. Motivated by this finding, an asymptotic solution for small
leakage coefficient problems is obtained which is independent of leak size.

8.3 Leakage inverse model
A test to characterize and detect a leakage pathway in the cap-rock overlying the target
aquifer is proposed. The test is based on injection of aqueous fluids at a constant rate in
the target aquifer and monitoring the pressure in the upper zone for a short period of time
(e.g. 100 days). Optimization methods are required to obtain the parameters that lead to
best match between measured data and those modelled. Different deterministic (steepest
descent, full Newton-type, Gauss-Newton, Quasi-Newton, Levenberg-Marquardt, and
conjugate gradients) and stochastic (genetic algorithm) optimization techniques are
presented in Chapter 5 considering chi-square as the objective function. Methods to
investigate convexity of the objective function, stabilize the inverse problem, and obtain
error in the solution in response to the data error are also described.
The leakage inverse problem is formulated in Chapter 6. It is shown that the inverse
problem can be parameterized by three parameters: x-, and y-coordinates of the leak
location, and the leakage coefficient. Solution uniqueness is investigated based on the
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analytical solution. It is proved that the leakage coefficient is unique. There are no two
leaks with two different transmissibilities that result in very same pressure data at the
location of the monitoring well. However, it is found that there are at most four and at
least two locations (with equal transmissibility) that result in exactly the same pressure
signature at the monitoring well. A relationship between the locations is obtained so one
can obtain all possible locations if one location is known.
Analytical tools, including relative sensitivity coefficients, correlation matrix and the
confidence interval are used to analyse the stability of the solution. Through application
to a base case, it is found that sensitivity of pressure to leakage parameters is similar in
shape and almost linearly dependent leading to very ill-conditioned Jacobian matrix. Also
the relative sensitivity coefficient shows that monitoring pressure is most sensitive to the
leak transmissibility. The leakage parameters are highly correlated so that error in
estimation of one parameter leads to error in others. Parameter correlation also limits the
convergence of gradient-based parameter estimation methods. Initializing the parameter
optimization methods at different points, it is found that Levenberg-Marquardt and
conjugate gradients methods work best in estimating leakage parameters. The confidence
interval over which the leakage parameters vary in response to data error is found to be
very wide especially for leak location.
Stabilization of the inverse problem is required to achieve a narrower confidence interval.
Different strategies are tested in Chapter 7 to find their potential to stabilize the inverse
problem and provide information on the leak. These strategies include: increasing
pressure sampling frequency, use of pulsing, utilization of prior information that may be
available through pressure derivative analysis, and increasing the number of monitoring
and/or injection wells. Correlation and information matrices and the confidence interval
are used as a measure to evaluate the potential of each strategy. Applying to the base case
and monitoring the pressure for a constant period of 100 days, it is found that sampling
the pressure at a higher rate can help to better characterize the leak. Use of pulsing –
series of injection and shut-in periods– rather than injection at a constant rate was found
useful. Based on the asymptotic solution a method is derived to obtain the leakage
coefficient and prior information on the leak location graphically. It is shown that a plot
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of a function of pressure derivative versus logarithm of time can be line-fitted at late-time
period. From this graph the leakage coefficient is estimated and prior information on the
leak location is obtained through estimation of a variable involving leakage location
parameters. Incorporating this information with the pressure data in a weight-varying
manner proved to be useful in evaluation of leak location. Also, it is found that one
should inject the most through an injection well. Injection of the same volume of aqueous
fluids through more than one well adds little information.
Monitoring the pressure at multiple spatial points and/or along a horizontal well is found
to be most useful in leakage characterization. The time delay in sensing the leak at
different monitoring points improves the parameter estimation considerably. Locating the
monitoring well is discussed to enable characterization of leakage pathways of interest.
The monitoring well has to be sufficiently close to the injection well if leakage pathway
of interest is to be characterized within a narrow confidence interval. Considering the
leakage pathway to be an abandoned well, a permeability cut-off is obtained beyond
which the leak is considered to be important. For the base case, a monitoring well as
close as 600 m to the injection well is required to enable locating the leak with 10 m
certainty. The leakage coefficient will be closely obtained using a monitoring well at this
distance.

8.4 Future work
Some of the research directions that follow directly from the work presented in this
dissertation are briefly outlined below.

8.4.1 Heterogeneity
This work focused on leakage characterization considering homogeneous aquifers.
Leakage characterization should be pursued considering heterogeneity of the aquifers. To
examine validity of techniques developed here to heterogeneous aquifers, the
heterogeneous aquifers may be replaced with homogeneous media for which equivalent
porosity and permeability are defined. Radii of investigation (pressure plume radii) may
be used to estimate constant values of the porosity and permeability to be considered in
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evaluation of the equivalent properties of the aquifers. Methods to obtain the radius of
investigation and corresponding equivalent properties are available in the literature
(Deutsch, 1989; Feitosa et al., 1993; Kulkarni et al., 2001). Deutsch (1987) introduced a
power averaging process for the component permeabilities. The averaging power is
inferred from an indicator variogram describing the geometrical relationship between the
components’ permeabilities. Defining a Kernel function, Feitosa et al. (1993) calculate a
dimensionless pseudo-time which is used to evaluate the radius of investigation. Kulkarni
et al. (2001) introduce a diffusive time of flight to evaluate the radius of investigation in a
heterogeneous medium. Applicability of these methods should be considered for two
linked formations. Different realizations of the aquifers may show that the average
properties do not vary beyond a certain correlation length. In such events, the analytical
model can be safely applied for monitoring data taken out of the heterogeneous region.

8.4.2 Multiple and/or non-radial leak(s)
There may be more than one leakage pathway in the overlying cap-rock that may have
non-radial configuration. The leakage characterization methodology should be extended
to locate and quantify multiple leaks which may have different shapes.
The analytical model developed in this work relates the pressure response at the
monitoring wells to the leakage characteristics for radial leakage pathways. The
analytical model is suitable for leakage from abandoned wells and/or other local circular
weaknesses in the cap-rock. The leak may not be radial in nature (e.g. faults and
fractures). Analytical models to accommodate pressure change due to leakage through
linear leakage features are available in the literature (Yaxley, 1987; Haneberg, 1995;
Shan, et al., 1995; Anderson, 2006). Considering the CO2 storage applications, these
analytical models should be modified. The analytical models will help to distinguish the
pressure signature of a planner leakage pathway from that of a radial leakage feature.
Characterization of multiple leaks with different nature may be very difficult especially in
presence of noise. The leakage characterization should be enhanced using: 1- different
regularization techniques (e.g. Tikhonov regularization), 2- findings from other data to
stabilize the leakage inverse problem (See § 8.4.4 below).
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8.4.3 Two-phase flow
The interpretation methodology should be expanded to enable leakage characterization
during the CO2 injection but before CO2 leakage. During CO2 injection and prior to
leakage the flow through the leak and the monitoring aquifers is single-phase (i.e. the
equations are identical to those developed considering single-phase flow). As such, the
pressure in the two-phase region of the storage aquifer is not required although the twophase flow affects the single phase pressure. There have been attempts in the literature to
evaluate the pressure change in the storage aquifer due to CO2 injection analytically (e.g.
Mathias et al., 2008). Such solutions can be used to include the effect of two-phase flow
in single-phase pressure evaluation prior to CO2 leakage. Development of analytical
solutions during CO2 injection (and before leakage) enables interpretation of the pressure
data over this period.

8.4.4 Integration with other monitoring data
Development of interpretation methodology of the monitoring pressure during CO2
injection enables incorporation of the results from pressure monitoring with those from
other data such as multi-component 3D seismic time-lapse survey, Vertical Seismic
Profile (VSP), Electromagnetic Resistivity (EM), and time-lapse gravity to better
delineate the leakage characteristics. The value of different types of monitoring data can
be compared and implications on the design of MMV (Monitoring, Measuring and
Verification) program may be deduced.

8.4.5 Effect of impurities on storage efficiency
The extended fractional flow theory can be used to study two-phase multi-components
flow processes. This accommodates the study of how the presence of more hazardous
components (e.g. H2S) in the brine/oil or injection fluid affects the CO2 storage
efficiency.
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